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Abstract

I develop a hypothesis test for model evaluation which is robust to time-variation in parameters.
The proposed method can be applied in-sample and out-of-sample to any economic model based
on moment conditions. In-sample, the test selects between two nested model specifications in the
presence of parameter instabilities. Out-of-sample, the test can be used to evaluate the performance
of model or judgmental forecasts robust to time-variation. The key feature of the proposed test is
that it is particularly powerful in the presence of multiple shifts in parameters without imposing
a specific form of time-variation. Further, the test statistic provides narrative evidence on which
parts of the sample drive the rejection of the null hypothesis. Simulations show that the test is
accurately sized in finite samples and is more powerful than tests assuming constant coefficients
or a single break if the data-generating process exhibits multiple shifts in parameters. Using the
proposed test, I document the presence of short-horizon predictability in the U.S. equity premium
during the postwar period. I find evidence of predictability for a large set of variables once time-
variation is taken into account. The test further provides evidence of heterogeneity in the location
of predictability episodes across variables. The findings explain why traditional tests often fail to
uncover predictability in the full sample and why studies that split the sample at different dates
often arrive at conflicting results regarding the predictive ability of a wide class of variables.
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1 Introduction

Instabilities in models of economic and financial time series are widespread. For example,

when forecasting U.S. stock returns, financial ratios might contain useful information dur-

ing some periods, but have no predictive ability during other periods (Farmer et al., 2019;

Chinco et al., 2019). Similarly, when estimating a structural model of real economic ac-

tivity, the absence of financial frictions in economic models might be unproblematic if the

estimation sample covers “normal” periods, but might be a crucial omission during financial

crises (Christiano et al., 2018). Instabilities are often implicitly acknowledged by conducting

sensitivity checks over different subsamples and are sometimes explicitly addressed by test-

ing for structural breaks in model parameters. However, they are commonly ignored when

evaluating the specification of a model by means of hypothesis tests. Recently, a growing

literature has raised concerns about this practice, arguing that in unstable environments,

traditional specification tests have low power and may give conflicting results depending on

the subsample considered (Rossi, 2013, 2020). This issue is particularly relevant when esti-

mation samples span long time periods which cover different policy regimes, making it likely

that model parameters undergo more than one shift. In such an environment, researchers

face an econometric problem: “How can we take multiple instabilities into account when

evaluating economic models or their forecasts?”

In this paper, I provide a general approach to test whether a parameter should be

included in a model robust to instabilities. The proposed hypothesis test can be applied

in-sample to select between two nested specifications of an economic model in the presence

of parameter instabilities1 or out-of-sample to evaluate the forecasting performance of model

or judgmental forecasts robust to time-variation.2 The main advantage of the proposed test

is that it is particularly powerful in the presence of multiple shifts in parameters without

imposing a specific form of time variation. At the same time, the test is accurately sized in

finite-samples and has high power even when model parameters only undergo one shift or

are constant. This makes the test particularly useful when the researcher faces uncertainty

about whether and how parameters change over time. The test is simple to compute, can

be efficiently implemented by a dynamic programming algorithm provided in the paper and

the test statistic path can be plotted to provide narrative evidence on which parts of the

sample drive the rejection of the null hypothesis.

1Such tests are widely used in the macroeconomic and financial literature and many studies document
evidence of instabilities. For example, Rossi (2006) evaluates whether exchange rates are random walks and
finds instabilities in the parameters of interest. Similarly, Rossi (2013) finds instabilities when evaluating
predictive models of inflation. Welch and Goyal (2007) and Timmermann (2008) evaluate a wide set of
predictive models for US stock returns and document that predictive ability is time-varying.

2There is a large literature evaluating out-of-sample forecast performance by means of specification tests;
Clark and McCracken (2013) provide an overview. Rossi and Sekhposyan (2016) and Rossi (2020) document
that out-of-sample specification tests are affected by instabilities and discuss how to take instabilities into
account when evaluating forecasts.

2



The proposed test is a joint hypothesis test for both parameter instability and a constant

non-zero value of the parameter. In particular, the null hypothesis of the test specifies that

the parameter, which can potentially be time-varying, has a zero value at every point in time

throughout the sample. The test rejects against alternatives in which the parameter has a

non-zero value at some point in time over the sample. Therefore, the test detects departures

from the null hypothesis even when they only occur over short periods of the sample. This

makes the test more powerful than traditional hypothesis tests (such as t-tests, Wald or LM

tests) which are based on the full sample and fail to reject the null hypothesis if instabilities

“average out” over the sample. The joint null hypothesis also distinguishes the test from

tests of multiple structural breaks which are designed to detect parameter instability only

and do not reject against constant alternatives.

The novel test statistic is intuitive and flexible. The test statistic jointly considers all

possible splits of the sample at K splitting points into a sequence of consecutive blocks of

variable lengths. For each block, a statistic is computed which evaluates whether the data

inside each block supports a rejection of the null hypothesis. The test rejects if the combined

information from all possible splits supports the alternative hypothesis. This allows the test

to achieve high power in the presence of multiple shifts. The test can be constructed based

on a set of moment conditions involving the parameters of interest using both a Lagrange-

Multiplier (LM) form and a Wald form. The LM form imposes the null hypothesis that

the parameter is zero at every point in time. In contrast, the Wald form estimates the

entire parameter vector for each considered block by a partial-sample Generalized Method

of Moments (GMM) estimator. The test statistic can be computed for a fixed number of

splits or by specifying an upper bound of splits to take into account. Regardless of the

number of splits taken into account, the test statistic can be implemented efficiently by a

dynamic programming algorithm provided in the paper.

Finally, the test is widely applicable. In particular, the test can be applied to any eco-

nomic model which is described by a set of moment conditions. Moment conditions can be

derived from many reduced form models and structural models such as linear regressions,

vector autoregressions, structural equations identified using instrumental variables or even

dynamic stochastic general equilibrium models. Alternatively, the test can be used to evalu-

ate out-of-sample forecasting performance by applying it to a moment condition describing

a sequence of out-of-sample forecast errors. These forecast errors can be obtained either

from a forecasting model whose parameters are estimated using a recursive scheme or from

model-free forecasts such as survey or judgmental forecasts. Applications include testing

in the presence of instabilities for forecast unbiasedness, rationality, efficiency or forecast

encompassing.

This paper makes three contributions to the literature.
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First, I provide an instability-robust hypothesis test for a general class of models, ex-

plicitly taking multiple discrete shifts in parameters into account. In contrast to structural

break tests which test parameter stability only, the procedure jointly tests parameter stabil-

ity and a linear hypothesis on the parameter vector specified by the researcher. Contrary to

tests which assume a single break in parameters and only indicate the location of the largest

shift, the path of the proposed test statistic can be plotted to provide narrative evidence

on which periods of the sample are driving the rejection of the null hypothesis. I derive

the limiting distribution of the test statistic which is a function of independent Brownian

Motions and tabulate its critical values.

Second, I investigate the finite sample performance of the proposed test across a se-

ries of data-generating processes and compare its performance to that of other tests from

the literature. The simulations illustrate that asymptotically, traditional hypothesis tests

using the full sample and tests of structural change, such as the UDmax test of Bai and

Perron (1998), have no power against some of the relevant alternatives. In contrast, the

proposed test exhibits significant and monotonic power for these alternatives. The simula-

tions further show that the proposed test is accurately sized across a variety of sample sizes

and various forms of serial correlation. Finally, I compare the finite sample power of the

proposed procedure to that of traditional specification tests based on the full sample and

the QLR∗T specification test imposing one break by Rossi (2005). I find that the proposed

test yields substantially larger finite-sample power if the data-generating process exhibits

multiple shifts in parameters. Further, if the data-generating process exhibits one shift or

constant coefficients, the power loss compared to existing tests is small. Thus, researchers

can use the proposed test without prior knowledge of whether and how parameters vary

over time.

Third, I use the proposed test to document the presence of local short-horizon pre-

dictability in the U.S. equity premium during the 1946-2019 period using a set of financial

variables considered by Welch and Goyal (2007). Recently, various studies have provided

theoretical and empirical evidence that predictability is concentrated in short-lived periods,

so-called “pockets of predictability” (Timmermann, 2008).3 This form of predictability is

particularly difficult to detect using traditional specification tests (Rossi, 2020) and previ-

ous efforts are based on repeated tests in overlapping samples of the data, leading to issues

associated with multiple testing (Farmer et al., 2019). In contrast, the test proposed in this

paper explicitly takes the search across multiple subsamples into account, thereby avoiding

the multiple testing problem. Hence, the test can be used to detect predictability even in

the presence of “predictability pockets”. I find that one-month-ahead excess market returns

are predictable from a larger set of variables than typically found in the literature once mul-

3Timmermann (2008) notes that “[...] there appear to be pockets in time where there is modest evidence
of local predictability; [...] the identity of the best forecasting method can be expected to vary over time,
and there are likely to be periods of model breakdown where no approach seems to work”.
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tiple shifts in predictability are taken into account. In contrast to traditional predictability

tests, the conclusions from the proposed test are invariant to starting the sample after the

1951 Treasury Accord Act. Furthermore, the paths of the test statistics provide evidence

of heterogeneity in the location of predictability episodes across predictors. The findings

explain why traditional tests often fail to uncover predictability in the full sample and why

studies that split the sample at different dates often arrive at conflicting results regarding

the predictive ability of a wide class of variables.

Literature. Several papers have proposed specification tests robust to instabilities. How-

ever, these focus either on the case of a single break or on a different class of alternatives

than the one considered in this paper.

A related method to the one proposed in this paper which also builds on moment con-

ditions and tests a joint hypothesis is developed in Rossi (2005) which considers optimal

tests for the case of a single break in parameters. In contrast, the test statistic considered

in this paper allows the researcher to consider an unknown number of shifts in parameters

up to a specifiable upper bound and nests the case of a single break. This makes the test

more powerful in the presence of multiple shifts in parameters while retaining comparable

power if the parameter shifts only once. In addition, the path of the proposed test statistic

provides narrative evidence on which periods of the sample are driving the rejection of the

hypothesis whereas a test imposing one break indicates the location of the largest shift in

the parameter vector.

A different strand of the literature designs hypothesis tests which are robust against par-

ticular alternatives. These include tests for predictability in threshold models (Gonzalo and

Pitarakis, 2012, 2017), tests of relative forecasting performance under Markov-switching al-

ternatives (Odendahl et al., 2020), automated model-selection in the presence of instabilities

(Castle et al., 2012) and real-time detection of predictability regimes (Harvey et al., 2020).

The advantage of the test which is proposed in this paper is that it remains agnostic about

the specific process driving the changes in parameters and thus offers a general approach

that can be used if the researcher has no prior knowledge on whether and how parameters

vary over time.

Finally, there is a large literature on testing for multiple structural changes. A seminal

contribution is Bai and Perron (1998) who proposed supF tests in a class of linear regression

models. Structural break tests of multiple changes have since been extended to more general

classes of models (Sowell, 1996; Perron and Qu, 2006; Qu and Perron, 2007; Elliott and

Müller, 2006). A related literature provides structural change tests for predictive regression

models; Pitarakis (2017) and Georgiev et al. (2018) are two examples of recent contributions.

In contrast to the approach presented in this paper which tests a joint hypothesis, structural

change tests focus on the null hypothesis of parameter stability only and therefore do not
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have power against some of the alternatives considered in this paper.

Outline. Section 2 discusses the hypotheses of interest and proposes the test statistic.

Sections 3 and 4 discuss the relevant asymptotic theory to conduct in-sample and out-of-

sample inference, respectively. Section 5 provides a guide for implementing the test. Section

6 explores the finite sample performance of the proposed test by means of extensive Monte

Carlo simulations. Section 7 applies the test to study the predictability of the U.S. equity

premium robust to instabilities. Section 8 concludes.

2 Specification Tests Robust to Multiple Instabilities

This section formalizes the testing problem of parameter inclusion under instabilities and

introduces the test statistic.

2.1 Model and Hypotheses

Consider a model indexed by a v-dimensional parameter vector θt for t = 1, . . . , T . Assume

the parameter vector partitions θt = (β′t, δ) where βt is (p × 1) and δ is (q × 1). Further,

assume the model satisfies the following m-dimensional moment condition

E
[
f(zt, βt, δ)

]
= 0 (1)

where zt is an r-dimensional random vector of data and f : Rr×Rp×Rq → Rm.

Based on the moment condition in (1), the researcher wants to test whether the sequence

of possibly time-varying parameters βt should be included when modeling the data. The

relevant hypotheses are

H0 : βt = 0 ∀ t vs. HA : βt 6= 0 for some t ≥ 1 (2)

Under the null hypothesis βt is zero at any point in the sample and thus can be excluded

from the model. Under the alternative, βt is different from zero at some point in the sample

and should be included in the model.4 The test of parameter inclusion is thus required to

be sensitive to situations in which βt departs from zero only during short periods over the

sample.

It will be useful to express the null hypothesis as an intersection. Let β0 denote the true

parameter value under the null hypothesis that βt is constant in which case θ0 = (β0, δ0).

4Note that by redefining βt one can similarly test any linear hypothesis on the parameter.
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Then, we can express the null hypothesis in (2) as

H0 : βt ∈ B1 ∩B2 with B1 ≡
{
βt ∈ Rp : βt = β0 ∀ t

}
, B2 ≡

{
β0 ∈ Rp : β0 = 0

}
(3)

Denote the first part of this null hypothesis imposing a constant parameter vector by H
(1)
0 :

βt ∈ B1 and the second part imposing a zero value by H
(2)
0 : βt ∈ B2.

It is important to note that the hypotheses in (2) are different from those of a test

assuming constant parameters. In particular, if the researcher misspecifies the moment

condition in (1) by assuming that θ is constant and tests the hypothesis H0 : β = 0 against

the alternative HA : β 6= 0, the test will reject if the constant parameter β is different from

zero rather than βt being zero. Depending on the form of time-variation in βt, it can be the

case that β = 0 but that βt 6= 0 for some t. In that case instabilities “average out” over

the sample and a test of the hypotheses in (2) will reject while a test assuming constant

parameters will not.5

One might be tempted to think that a test of the hypotheses in (2) is simply a test of

parameter stability. However, as (3) shows, the relevant null hypothesis is a joint hypothesis

which simultaneously imposes (i) a constant coefficient vector and (ii) a zero value on the

constant coefficient vector. In contrast, the null hypothesis of a test for parameter stability

only focuses on the first part, that is H
(1)
0 . This implies that there are data-generating

processes for which a test of parameter stability does not reject while the test considered

in this paper does. In particular, this would be the case when the true parameter vector is

constant, but different from zero.

The test statistic proposed in this paper detects violations of the null hypothesis in

equation (2) by combining information obtained from partitioning the sample into a series of

discrete consecutive blocks. In particular, the test searches over all possible combinations of

K+1 discrete segments and evaluates whether there is evidence to reject the null hypothesis.

While the test does not impose an alternative of a particular form, it has particularly high

power when the parameter undergoes a series of discrete changes. Specifically, assume that

βt has a “baseline value” of βA but that it undergoes a series of K discrete changes where

the value of βt departs from βA. Collect these changepoints expressed as a fraction of the

sample in a K-dimensional vector λK := (λ1, . . . , λK) where λj ∈ (0, 1) and λj > λj−1.

Further, collect the magnitudes of these changes in a K-dimensional vector β∆. Under this

assumption, the alternative hypothesis in (2) can be expressed as

HA : βt = βA +
K∑
j=1

1
(
[λjT ] < t ≤ [λj+1T ]

)
· β∆,j t = 1, . . . , T (4)

where β∆,j denotes the j-th element of β∆, λ0 ≡ 0, λK+1 ≡ 1 and [·] is the integer part

5For a detailed explanation of this argument see the discussion in Rossi (2005) and Rossi (2013).
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operator.6 The proposed test statistic searches across all possible values of λK to best

approximate the path of βt and evaluates for each candidate λK whether the null hypothesis

βt = 0 ∀t can be rejected. If the path of βt takes the form described in (4), there is a value

of K and λK for which the approximation will be exact. This makes the test particularly

powerful in the presence of discrete changes.

Tests of the hypothesis considered above have many applications in empirical work. At

the end of this section, I provide various examples of problems which have been studied

in the macroeconomic and financial literature and illustrate how they fit into the testing

framework.

2.2 Test Statistics

This section introduces a class of test statistics which can be used to test the null hypothesis

defined in (2). As previewed before, the main idea of the tests is simple: To detect departures

from the null hypothesis, the test statistic jointly considers all possible splits of the sample

at K splitting points into a sequence of K + 1 consecutive blocks of variable length. For

each block, a statistic is computed which evaluates whether the data inside each block

supports a rejection of the null hypothesis. If there is a sample split for which the sum of

statistics computed on each block supports the alternative, the test rejects. In what follows,

I first describe how to construct the test statistic for a fixed number of sample splits K.

Consecutively, I discuss how to robustify the test against the choice of K.

Test with a fixed number of splits K

Assume the researcher wants to test parameter inclusion robust to time-variation according

to the hypotheses in (2) on a sample t = T0, . . . , T where T0 denotes the first observation

and is typically set to 1. Let λK denote a K-dimensional vector of splitting points λK :=

(λ1, . . . , λK) where λj ∈ (0, 1) and λj > λj−1. Each value of λK implies a different partition

of the sample into a sequence of K + 1 consecutive blocks where block j spans data from

t = [λj−1T ] + 1, . . . , [λjT ] with T0 ≡ [λ0T ] + 1 and λK+1 ≡ 1.

For simplicity of exposition, I first abstract from the choice of the number of splits and

assume that K is a known value. The proposed test statistic for testing the null hypothesis

in (2) using K sample splits takes the following form.

sup ΦT (K) := sup
λK∈Λε

K+1∑
j=1

ΦT,j(λj−1, λj)

Λε ≡
{
λj : λj ∈ (λ0 + ε, λK+1 − ε), λj > λj−1 + ε, j = 1, . . . , K

} (5)

6For example, when βt = 0 for t = 1, . . . , [T/2] and βt = β∆ for t = [T/2] + 1, . . . , T , then βA = 0, λ1 = 1/2,
K = 1 and β∆ is a scalar. In contrast, when βt is constant at βA for t = 1, . . . , T , K = 0.
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For a given sample split λK , the test statistic is simply the sum ofK+1 statistics ΦT,j(λj−1, λj)

computed on each block of the data. The supλK part of the test statistic searches over all

possible combinations of K splitting points for the choice of λK which maximizes this sum.

The value at the optimal choice of λK which yields the maximum value for the sum term is

the final value of the test statistic.

Note that the search of λK is restricted to a set Λε defined by a trimming parameter

ε ∈ (0, 1) which imposes that each of the blocks contains at least [εT ] observations. This

parameter is set by the researcher prior to conducting the test and its choice depends on the

stochastic properties of the data.7 The simulations presented in Section 6 provide guidance

on the trade-offs of choosing a lower or higher value of ε. In most applications, a choice of

ε = 0.05 or ε = 0.1 is sufficient.

Choice for ΦT,j(·, ·)

The test statistic above crucially depends on the choice for ΦT,j(·, ·). In this paper, I consider

two forms, a Lagrange-Multiplier (LM) statistic and a Wald statistic. The LM form imposes

the value of βt to be zero in each block while the Wald form estimates βt in each block.

In both cases, the test statistic builds on partial sums of the moment condition defined in

equation (1), evaluated at estimates of δ.

The tests proposed in this paper can be conducted based on moment conditions formu-

lated in-sample or out-of-sample. These two cases differ in the portion of the sample on

which the test statistic is constructed as well as the estimation scheme which is used to

estimate δ. In the in-sample case, the test is conducted on the full sample setting T0 = 1

and δ is estimated based on the moment condition in (1). The resulting estimate is denoted

δ̂. In contrast, in the out-of-sample case the test is conducted on an out-of-sample portion

of the data setting T0 = R where R � 1. Here, δ is the parameter of a forecasting model

identified by a separate moment condition which is estimated using a recursive scheme on

an in-sample portion of the data, yielding a sequence of estimators of δ denoted {δ̂t}Tt=R.

The in-sample case is discussed in more detail in Section 3 while the out-of-sample case is

discussed in Section 4 of the paper.

Lagrange-Multiplier Form. If the test is implemented using the Lagrange-Multiplier

7The use of trimming parameters is standard in tests for structural breaks, see e.g. Andrews (1993) or Bai
and Perron (1998).
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form, the test statistic is constructed using the following choice for ΦT,j(·, ·).

ΦLM
T,j (λj−1, λj) := F̂ ′T,j × Ω̂T,j × F̂T,j

F̂T,j := (T − T0 + 1)−1/2 Σ̂
−1/2
ff

[λjT ]∑
t=[λj−1T ]+1

f(zt, θ̃t)
(6)

Note that f(·, ·) is the moment function which was defined in equation (1), Σ̂ff is a consistent

estimator of the long-run variance of the sample moments under the null hypothesis and

Ω̂T,j is a consistent estimator of the long-run variance of F̂T,j. Formulas to compute these

estimators are given in Section 5 of this paper. θ̃t is a restricted generalized method of

moments (GMM) estimator of θt that imposes the joint null hypothesis defined in (2) which

restricts βt = β0 = 0 ∀ t while leaving δ unspecified.

The difference between testing in-sample and out-of-sample using the statistic above lies

in how the estimate of δ, and consequently θ̃t is obtained. In the out-of-sample case, the

restricted estimator is formed as θ̃t := (0p×1, δ̂t) where {δ̂t}Tt=T0 is a sequence of estimates of

δ which is obtained via a recursive estimation scheme. Section 4 discusses in detail how to

obtain these estimates. In contrast, in the in-sample case θ̃t = θ̃ ∀t where θ̃ is a constant

GMM estimator which is defined as follows.

θ̃ := arg max
θ ∈ Θ

Q̂T (θ) Q̂T (θ) ≡ F̂T (θ)′ WT F̂T (θ)

F̂T (θ) ≡ (T − T0 + 1)−1

T∑
t=T0

f(zt, θ)

subject to A θ = 0p×1 A =
[
Ip×p 0p×q

] (7)

F̂T (θ) is the sample analogue of the moment condition defined in (1) and WT is a positive

definite weighting matrix.

Wald Form. If the test is implemented using the Wald form, the test statistic is con-

structed using the following choice for ΦT,j(·, ·).

ΦW
T,j(λj−1, λj) := (T − T0 + 1)

[
β̂j(λj−1, λj)

]′ × Ω̂−1
T,j ×

[
β̂j(λj−1, λj)

]
(8)

The difference between conducting the test in-sample and out-of-sample lies in how the

estimate of β̂j(·, ·) is obtained. In the in-sample case, β̂j(λj−1, λj) := A θ̂j(λj−1, λj) where

A ≡
[
Ip×p 0p×q

]
and θ̂j(λj−1, λj) is defined as the following GMM estimator which assumes
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the parameter θ has a constant value in block j.

θ̂j := arg max
θ ∈ Θ

Q̂T,j(θ) Q̂T,j(θ) ≡ F̂T,j(θ)
′ WT F̂T,j(θ)

F̂T,j(θ) ≡
(
[λjT ]− [λj−1T ]

)−1
[λjT ]∑

t=[λj−1T ]+1

f(zt, θ)
(9)

where F̂ is a partial-sample analogue of the moment condition defined in (1) and WT is a

positive definite weighting matrix.

In contrast, in the out-of-sample case β̂j is obtained using a similar GMM estimator.

β̂j := arg max
β ∈ B

Q̂T,j(β) Q̂T,j(β) ≡ F̂T,j(β)′ WT F̂T,j(β)

F̂T,j(β) ≡
(
[λjT ]− [λj−1T ]

)−1
[λjT ]∑

t=[λj−1T ]+1

f(zt, β, δ̂t)
(10)

In contrast to the in-sample case, the estimator does not define an estimate of δ, but eval-

uates the partial-sample moment at the given sequence of parameter estimates, {δ̂t}Tt=T0 .

In a given application, both the LM and the Wald form of ΦT,j(·, ·) can be used to construct

the sup ΦT (K) test statistic defined above. However, their performance may differ in finite

samples depending on the application considered. Generally, the LM form of the test statistic

is computationally efficient as it only requires computing an estimate of θ under the null

hypothesis. In contrast, the Wald form of the test statistic requires re-estimating θ for each

block and every sample partition considered.8 Because of its general computational benefits,

the rest of the paper will mainly focus on the LM form of the test statistic.

To implement the LM and Wald statistics, one requires the variance estimators Σ̂ff

and Ω̂T,j. Formulas to compute these estimators are given in Section 5. Computation of

the supKλ operator in (5) can be achieved efficiently by means of a dynamic programming

algorithm which is also provided in Section 5. The algorithm computes the LM form in

O(T 2) operations computing the sum term in equation (5).

Test for an unknown number of splits

The discussion in the previous section has made a simplifying assumption, namely that the

researcher wants to conduct the test with a specific number of splits K in mind. However, in

practice it is unlikely that the researcher has prior information about the appropriate choice

of K. To circumvent this problem, this section presents a robustified version of the test

statistic which abstracts from the choice of K by combining information from computing

8For linear models, this estimator can be implemented efficiently by a recursion.

11



the test statistic for different values for K, starting at one and stopping at some pre-defined

ceiling, K̄.9 The proposed test statistic for testing the joint null hypothesis in (2) considering

up to K̄ splits of the sample has the following form.

D sup ΦT (K̄) := max
1≤k≤K̄

{
sup ΦT (k)/k

}
(11)

where sup ΦT is the test statistic defined in equation (5).

To compute this test statistic, one computes the sup ΦT (k) statistic for different choices

of k = 1, . . . , K̄. The resulting values are then weighted by the number of shifts used to

compute them. The maximal value of this reweighted series of test statistics is the final

value of the test statistic.

In practice, a choice of K̄ as low as five or ten is often sufficient in applications. In fact,

simulations show that the choice of K̄ has little impact on size and power of the test beyond

these values.10 In general, the admissible values of K̄ are bounded above by the choice of

the trimming parameter ε which is used to compute the sup ΦT statistic since it imposes a

minimum number of observations for each segment and therefore implicitly defines an upper

bound on K. For instance when ε = .1, the maximum number of admissible splits which

can be considered is K̄ = 10.

2.3 Examples

Tests which are robust to heterogeneity in parameters over time have many applications in

empirical work. In the following, I provide two examples of testing problems which have

been widely studied in the macroeconomic and financial literature and illustrate how they

fit into the testing framework.

Predictive Regressions. Consider the following model

yt+h = δ +X ′t β + ηt+h t = 1, . . . , T (12)

where yt+h is a scalar series to be predicted in-sample at horizon h, Xt is a (p × 1) vector

of predictors which are suspected to have a time-varying relationship with yt+h, δ is the

constant of the regression and ηt+h is a sequence of unforecastable errors. A large literature

in macroeconomics and finance studies tests of the hypothesis H0 : β = 0 in the model above

e.g. to determine the predictive ability of financial variables (Pitarakis and Gonzalo, 2019)

or to evaluate model specifications for variables such as inflation (Rossi, 2005). However, in

9A similar method to robustify tests to the choice of K was first proposed in the context of structural break
tests in Bai and Perron (1998).

10The simulation results are available on request.
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recent years many studies have documented that predictive ability in these models, which

is captured by β, is time-varying and that tests based on the full sample may fail to reject

in the presence of predictability (Welch and Goyal, 2007; Timmermann, 2008; Rossi, 2013).

To implement the test robust to instabilities in the parameters, replace β in equation

(12) by βt and note that the resulting model implies the following moment condition.

E
[
f(zt, βt, δ)

]
= 0 f(zt, βt, δ) ≡

[
Xt · (yt+h − δ −X ′tβt)
1 · (yt+h − δ −X ′tβt)

]

where zt = (yt+h, X
′
t)
′ and θt = (β′t, δ)

′.

To conduct the D sup ΦT (K) test based on the LM statistic, compute the restricted

GMM estimator θ̃ via the estimator in (7) which imposes the null hypothesis βt = 0 ∀t.
Set T0 = 1 and use the variance estimator in (15) or (17) to compute Σ̂ff and use (18)

to compute Ω̂T,j. Then, compute D sup ΦT (K̄) defined in (11) by means of the dynamic

programming algorithm described in Section 5. Reject the null hypothesis of no predictive

ability if the computed value of the test statistic is larger than the appropriate critical value

reported in Section 3.

Out-Of-Sample Predictive Ability. West and McCracken (1998) proposed a frame-

work to evaluate out-of-sample predictive ability by testing the null hypothesis H0 : β =

0 vs. HA : β 6= 0 in the following linear model

vt+h(δ̂t) = ξ̂(zt, δ̂t)
′ β + ηt+h, t = R, . . . , T (13)

where vt+h(δ̂t) is a sequence of forecast errors derived from a parametric forecasting model

which depend on the sequence of estimated parameters of the forecasting model δ̂t. By ap-

propriately choosing the function ξ̂(zt, δ̂t), the framework includes popular test for forecast

evaluation such as tests of forecast unbiasedness, forecast rationality or forecast encom-

passing. Many studies provide empirical evidence that out-of-sample predictive ability is

time-varying e.g. for forecast rationality of private sector forecasts or for forecast encom-

passing tests evaluating the information-advantage of Federal Reserve forecasts (Rossi and

Sekhposyan, 2016; Hoesch et al., 2020).

To implement the proposed test robust to heterogeneity in β, note that for time-varying

βt, the model above implies the following moment condition.

E
[
f(zt, βt, δ̂t)

]
= 0 f(zt, βt, δ̂t) ≡ ξ̂(zt, δ̂t) ·

(
vt+h(δ̂t)− ξ̂(zt, δ̂t)′βt

)
(14)

where zt = vt+h(δ̂t).

For the purpose of this example, focus on a test of forecast unbiasedness which sets
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ξ̂(zt, δ̂t) = 1. West and McCracken (1998) showed that in this case parameter estimation

error in δt is asymptotically irrelevant (for more details see Section 4) so that we can use the

simple formulas for the variance estimators reported above. To conduct the D sup ΦT (K)

test based on the LM statistic, set θ̃t = (0′p×1, δ̂t) and T0 = R and use the variance estimator

in (15) or (17) to compute Σ̂ff and use (18) to compute Ω̂T,j. Then, compute D sup ΦT (K̄)

defined in (11) by means of the dynamic programming algorithm described in Section 5.

The null hypothesis of forecast unbiasedness can be rejected if the computed value of the

test statistic is larger than the appropriate critical value reported in Section 4.

3 In-Sample Inference

This section describes the relevant asymptotic theory to conduct in-sample inference. In the

in-sample case, the sup ΦT (K) test statistic defined in equation (5) and the D sup ΦT (K̄)

test statistic in equation (11) are constructed setting T0 = 1 and evaluating ΦT (·, ·) at the

relevant GMM estimators defined in equations (7) and (9) for the LM and Wald case, re-

spectively. This section presents and discusses a set of regularity assumptions which are

sufficient to obtain weak convergence of the test statistics under the null hypothesis to a

function of Brownian Motions. This result is established in the main theorem of this section.

Notation. I introduce some notational conventions that are required for this section and

used throughout the rest of the paper. Let (Ω,F ,P) denote a probability space on which

all of the random elements are defined. Unless specified otherwise, all limits are taken as

the sample size T →∞. The symbol
p→ denotes convergence in probability and

d→ denotes

convergence in distribution. Next,⇒ denotes weak convergence for sequences of measurable

random elements of a space of bounded Euclidean-valued cadlag functions on the product

space D[0, 1]m as defined in Phillips and Durlauf (1986) where each component space D[0, 1]

is equipped with the Skorohod metric. ‖·‖ denotes the Euclidean norm of a vector or matrix.

The following regularity assumptions are sufficient to obtain weak convergence of the test

statistics under the null hypothesis to the limiting distribution characterized in the theorem

below.

Assumption 3.1 (Regularity conditions): Assume the following regularity conditions hold.

(i) {zt} is strong mixing with strong mixing coefficients {α(n)},
∑∞

n=1 α(n)1−2/γ <∞ with

γ > 2.

(ii) {zt} is weakly stationary. In addition E[f(zt, θ0)] = 0 for all t = 1, . . . , T and

T = 1, 2, . . . and the individual elements of f(zt, θ0) have the finite absolute moment

E
[
|f (i)(zt, θ0)|γ

]
<∞ for i = 1, . . . ,m and γ > 2.
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(iii) Σff ≡ limT→∞ E
[
T−1

{∑T
t=1 f(zt, θ0)

}{∑T
t=1 f(zt, θ0)

}′] ∈ Rm ×m is positive defi-

nite.

(iv) f(z, θ) is continuously partially differentiable in θ in a neighborhood of θ0 for ev-

ery θ0 ∈ Θ∗ where Θ∗ is some convex or open set that contains Θ. The functions

f(z, θ) and ∇θf(z, θ) ≡ ∂f(z, θ)/∂θ are measurable functions of z for each θ ∈ Θ and

E
[

supθ∈Θ∗‖∇θf(zt, θ)‖
]
< ∞. E[f(zt, θ0)′f(zt, θ0)] < ∞, and supθ∈Θ‖f(zt, θ)‖ < ∞

for all t = 1, . . . , T and T = 1, 2, . . .. Each element of f(zt, θ0) is uniformly square

integrable, for all t = 1, . . . , T and T = 1, 2, . . ..

(v) The parameter space Θ is a compact subset of Rv.

(vi) limT→∞ E
[

1
T

∑T
t=1 f(zt, θ)

]
= 0, only when θ = θ0

(vii) The sequence of positive definite weighting matrices WT →p Σ−1
ff .

(viii) M ≡ limT→∞ E
[
T−1

∑T
t=1

∂f(zt,θ)
∂θ′
|θ=θ0

]
∈ Rm×v has full column rank.

I now discuss Assumption 3.1. Assumptions 3.1.(i) and 3.1.(ii) are asymptotic weak de-

pendence and stationarity conditions on the data which are typical of those found in other

literature on nonlinear dynamic models and are closest to the conditions given in Sowell

(1996) or Rossi (2005).11. Together with Assumption 3.1.(iii) which assumes positive def-

initeness of the long-run variance of the sample moments, the assumptions are sufficient

to obtain weak convergence of the partial sample moments to Brownian Motions using

the multivariate functional central limit theorem of Phillips and Durlauf (1986). Assump-

tion 3.1.(iv) are standard smooothness and boundedness conditions on the sample moment

function under the null hypothesis f(z, θ). An analogue of this assumption is used in Sow-

ell (1996). Together with Assumption 3.1.(v) which assumes a compact parameter space

and Assumption 3.1.(i), the conditions ensure uniform convergence of the GMM objective

function via the generic uniform law of large numbers of Andrews (1987). Together with

Assumption 3.1.(vi) which assumes identification under the null hypothesis, the conditions

are sufficient to obtain consistency of the GMM estimators used to construct the test statis-

tic. Assumption 3.1.(vii) restricts the choice of weighting matrices used to construct the

GMM estimators by requiring that an efficient GMM estimator is used. Finally, Assumption

3.1.(viii) which requires the gradient of the sample moment to have full rank ensures that

the test statistic has a well-defined asymptotic variance.

The following theorem establishes the asymptotic distribution of the test statistic under the

null hypothesis.

Theorem 3.1 (Limiting distribution for in-sample tests): Assume that the regularity con-

11The assumptions, in particular the weak stationarity condition, are stronger than necessary and the results
presented in this paper are expected to hold if the assumptions are relaxed to the near-epoch-dependence
case in Andrews (1993).
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ditions in Assumption 3.1 hold. Under the null hypothesis defined in (3), it holds that

sup ΦT (K) ⇒ sup
λK ∈ Λε

K+1∑
j=1

{
‖Bp(λj)− Bp(λj−1)‖2

λj − λj−1

}

D sup ΦT (K̄)⇒ max
1≤k≤K̄

(1/k) sup
λK ∈ Λε

K+1∑
j=1

{
‖Bp(λj)− Bp(λj−1)‖2

λj − λj−1

}
Λε ≡

{
λj : λj ∈ (ε, 1− ε), λj > λj−1 + ε, j = 1, . . . , K

}
where λ0 ≡ 0, λK+1 ≡ 1 and Bp(·) is a (p × 1) vector of independent standard Brownian

motions on [0, 1].

The proof of this theorem is reported in Appendix C.

One can show that the limiting distribution of sup ΦT (K) is equivalent to

sup
λ ∈ Λε

K∑
i=1

‖λi+1 Bp(λi)− λi Bp(λi+1)‖2

λiλi+1(λi+1 − λi)
+ Bp(1)′ Bp(1)

where the first term is the same as (1/Kp) times the limiting distribution of the supF test

for parameter stability of Bai and Perron (1998) and depends on the number of splitting

points K. The second component reflects the additional restrictions on β and does not

depend on K. It is equivalent to the χ2 distribution with p degrees of freedom which is the

limting distribution of a standard LM test conducted on the full sample. Further, note that

for K = 1, the limiting distribution reduces to the limiting distribution of the QLR∗T model

selection test robust to instabilities which was proposed in Rossi (2005) and imposes one

break.

Critical values of the test statistics can be obtained by directly simulating the limiting

distributions in Theorem 3.1 using a dynamic programming algorithm analog to the one

provided in Section 5. Table 1 reports a selection of critical values for the D sup Φt(K) test

for commonly used significance levels and trimming parameters for p = 1, 2. The critical

values were obtained by simulating the asymptotic distributions based on 10,000 Monte

Carlo replicatons and an approximation length of N = 3600 for the Brownian Motions.

Details and a full tabulation of the critical values for a wide array of values for p, ε and

significance levels, α, are provided in Appendix A.

4 Out-Of-Sample Inference

This section describes the relevant asymptotic theory to conduct out-of-sample inference.

The limiting distributions derived in this section apply when the test statistic proposed
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Table 1: Selected critical values for D sup ΦT tests

ε = .05 ε = .1 ε = .15

p 10% 5% 1% 10% 5% 1% 10% 5% 1%

1 10.12 11.57 15.20 9.39 10.99 14.54 8.84 10.48 14.17
2 14.01 15.79 19.96 13.30 15.06 19.20 12.80 14.65 18.62

This table reports simulated quantiles of the limiting distributions of the D sup ΦT tests. The critical
values were obtained based on 10,000 Monte-Carlo replications and an approximation length of N = 3600
observations for the partial sums to simulate the Brownian Motions. Appendix A provides the full table.

in Section 2 are used in conjunction with a moment condition formulated on out-of-sample

forecast errors. I start by discussing the forecasting environment, in particular how to obtain

the sequence of estimates {δ̂t}Tt=T0 which are used to construct the test statistics proposed

in Section 2. I then present and discuss the required regularity conditions and derive the

limiting distribution of the proposed test statistics.

Assume the available sample is of size T + h and that the data zt = (y′t+h, x
′
t) includes a

random variable yt to be predicted h steps ahead as well as a vector of predictors, xt. The

sample is divided into an in-sample portion of length R and an out-of-sample portion of size

P such that R + P = T + h. Given the sample split, forecasts of yt+h for t = R, . . . , T are

generated using parametric models of the form yt+h = g(xt, δ) + ut+h for a known function

g(·, ·) and an unknown q-dimensional parameter vector δ.

The parameters of the forecasting model are estimated based on a d-dimensional vector

of moment equations E[h(zt, δ)] = 0. This allows for a variety of estimation methods such as

(nonlinear) least squares, maximum likelihood or generalized methods of moments. The pa-

rameters are of the forecasting model are assumed to be estimated using a recursive scheme

where the parameter vector is estimated at each t = R, . . . , T using all available informa-

tion which yields a sequence of parameter estimates {δ̂t}Tt=R. The predictors and parameter

estimates are used to generate forecasts ŷt+h = ĝt+h(xt, δ̂t) for t = R, . . . , T . which are used

in turn to construct a series of forecast errors, v̂t+h = yt+h − ŷt+h. Figure 1 illustrates the

out-of-sample forecasting environment described above.

The following regularity assumptions are sufficient to obtain weak convergence of the test

statistics under the null hypothesis to the limiting distribution characterized in the main

theorem of this section.

Let ξ(zt+h, θ) ≡
[
f(zt+h, β, δ)

′, ht(δ)
′]′ be an (m+ d× 1) vector stacking the moment func-

tions. Further, let F ≡ E
[
∂f(zt,θ)
∂δ
|θ=θ0

]
∈ Rm×q. The following regularity conditions are

assumed to hold under the null hypothesis.
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Assumption 4.1 (Regularity conditions): Assume the following regularity conditions hold.

(i) Assume that h < ∞ and that K is fixed while R → ∞, T → ∞ and limT→∞R/T =

ρ ∈ (0, 1).

(ii) The estimate δ̂t satisfies δ̂t − δ0 = BtHt where Bt is a (q × d) matrix which satisfies

Bt
as→ B where B has rank q and Ht is (d× 1) with Ht = t−1

∑t
r=1 h(zr, δ0) (recursive

estimation scheme) for a (d× 1) moment condition h(zr, δ).

(iii) For some p > β > 2, ξ(zt+h, θ0) is zero mean, strong mixing with mixing coefficients

αm of size −pβ/(p− β) and it holds that supt≥1‖ξ(zt+h, θ0)‖p = C <∞.

(iv) {zt+h} is weakly stationary. In addition, E
[
ξ(zt+h, θ0)

]
= 0 for all t = 1, . . . , T and

T = 1, 2, . . ..

(v) Σ ≡ limT→∞ E
[
T−1

{∑T
t=1 ξ(zt+h, θ0)

}{∑T
t=1 ξ(zt+h, θ0)

}′] ∈ R(m+d)×(m+d) is posi-

tive definite.

(vi) f(z, θ) is continuously partially differentiable in θ in a neighborhood of θ0 for ev-

ery θ0 ∈ Θ∗ where Θ∗ is some convex or open set that contains Θ. The functions

f(z, θ) and ∇θf(z, θ) ≡ ∂f(z, θ)/∂θ are measurable functions of z for each θ ∈ Θ and

E
[

supθ∈Θ∗‖∇θf(zt, θ)‖
]
< ∞. E[f(zt, θ0)′f(zt, θ0)] < ∞, and supθ∈Θ‖f(zt, θ)‖ < ∞

for all t = 1, . . . , T and T = 1, 2, . . .. Each element of f(zt, θ0) is uniformly square

integrable, for all t = 1, . . . , T and T = 1, 2, . . ..

(vii) The parameter space Θ is a compact subset of Rv.

(viii) limT→∞ E
[

1
T

∑T
t=1 f(zt, θ)

]
= 0, only when θ = θ0

(ix) The sequence of positive definite weighting matrices WT →p Σ−1
ff .

(x) M ≡ limT→∞ E
[
T−1

∑T
t=1

∂f(zt,θ)
∂θ′
|θ=θ0

]
∈ Rm×v has full column rank.

(xi) limT→∞ supr,s∈(0,1),s>r>ρ T
−1/2

∑[sT ]
t=[rT ]+1

(
∇δft(θ0, δ0)− F

)
BHt = op(1)

(xii) limT→∞ supr,s∈(0,1),s>r>ρ T
−1/2 F

∑[sT ]
t=[rT ]+1(Bt −B)Ht = op(1)

(xiii) limT→∞ supr,s∈(0,1),s>r>ρ T
−1/2

∑[sT ]
t=[rT ]+1

(
∇δft(θ0, δ0)− F

)
(Bt −B)Ht = op(1)

(xiv) limT→∞ supr,s∈(0,1),s>r>ρ

[
T−1

∑[sT ]
t=[rT ]+1

(
∇θft(θ0, δ0)−M

)]
= op(1)

I now discuss Assumption 4.1. Assumption 4.1.(i) defines the relevant asymptotic exper-

iment as one where both the size of the in-sample and out-of-sample portions diverge to

infinity while the size of the in-sample and out-of-sample portions remains a fixed proportion

of the total sample size. Assumption 4.1.(ii) is a regularity assumption on the sequence of

parameter estimates of the forecasting model. It allows for a variety of estimation methods

such as (nonlinear) least squares, maximum likelihood or generalized methods of moments.

In addition, the assumption describes the recursive parameter estimation scheme. This

assumption is typical of the literature on forecast evaluation, see West and McCracken

(1998) or Rossi and Sekhposyan (2016). Assumptions 4.1.(iii) and 4.1.(iv) are weak de-

pendence assumptions equivalent to the ones discussed in the previous section. Together

with Assumption 4.1.(v) which assumes positive definiteness of the long-run variance, the
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Figure 1: Illustration of the out-of-sample forecasting environment

1 R T + hT

{
f(zt+h, βt, δ̂t)

}T
t=R

The figure shows how the data sample is partitioned into an in-sample and out-of-sample portion at R. A
forecasting model specified by the researcher is used to generate a sequence of parameter estimates {δ̂t} using
data from the in-sample portion of the sample up to a specified point in time. The forecasting model is used
to obtain a sequence of forecast errors for the out-of-sample portion of the data which enters the moment
condition. The test builds on the sample moments in the out-of-sample portion of the data t = R, . . . , T .

assumptions are sufficient to obtain weak convergence of the partial sample moments to

Brownian Motions using the multivariate functional central limit theorem of Phillips and

Durlauf (1986). Assumption 4.1.(vi) are standard smoothness and boundedness condition

on the sample moment function under the null hypothesis f(z, θ). An analogue of this

assumption is used in Sowell (1996). Together with assumption 4.1.(vii) which assumes a

compact parameter space and Assumption 4.1.(viii) which assumes identification under the

null hypothesis, the conditions are sufficient to yield consistency of the GMM estimator used

to construct the test statistic. Assumption 4.1.(ix) restricts the choice of weighting matrices

used to construct the GMM estimators by requiring that an efficient GMM estimator is

used. Assumption 4.1.(x) ensures that the test statistic has a well-defined asymptotic vari-

ance. Finally, Assumptions 4.1.(xi)-4.1.(xiv) are boundedness conditions which guarantee

that the remainder of a mean-value expansion of the sample moments around δ is asymp-

totically negligible.

Before I derive the limiting distribution, I provide some intuition on why the limiting dis-

tribution in the out-of-sample case differs from the limiting distribution in the in-sample

case which was derived in Section 3. The crucial difference to the in-sample case is that the

moment functions f(zt, ·, ·) depend on the sequence of estimated parameters {δ̂t}Tt=R which

were obtained from a separate moment condition. This makes it necessary to take parame-

ter estimation error in δ explicitly into account when evaluating the limiting distribution of

the test statistics proposed in Section 2 (see West (1996) for a similar argument).

Under the regularity conditions provided in Assumption 4.1, the following mean-value ap-

proximation of the partial sample moments evaluated at {δ̂t}Tt=T holds.
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Lemma 4.1 (OOS Mean-Value Approximation): Under the regularity conditions in Assump-

tion 4.1 and the null hypothesis defined in (3), for any r, s ∈ [0, 1] with s > r > ρ it holds

that

P−1/2

[sT ]∑
t=[rT ]+1

f(zt+h, β0, δ̂t) = (T/P )1/2

{
1√
T

[sT ]∑
t=R

f(zt+h, β0, δ0)− 1√
T

[rT ]∑
t=R

f(zt+h, β0, δ0)

}

+ (T/P )1/2 FB

{
1√
T

[sT ]∑
t=R

Ht(δ0)− 1√
T

[rT ]∑
t=R

Ht(δ0)

}
+ op,rs(1)

where Ht, B are as defined in Assumption 4.1.(ii) and xt(r, s) = op,rs(1) denotes that

supr,s∈[0,1], s>r>ρ ‖xt(r, s)‖ = op(1).

The proof of the Lemma is reported in Appendix C.2.

The expansion in Lemma 4.1 decomposes the partial sample moment into two terms. The

first term on the right hand side represents uncertainty that is present even if δ0 is known.

The second part reflects uncertainty about δ0 originating from estimating the parameter of

the forecasting model δ based on the moment function E
[
h(zt, θ)

]
= 0. This is in contrast

to the in-sample case where δ is estimated using the same moment condition which is used to

construct the test statistic, E
[
f(zt, θt)

]
= 0. Further note that whether parameter estima-

tion error in δ needs to be taken into account crucially depends on F having a non-zero value.

The following theorem establishes the asymptotic distribution of the test statistic under the

null hypothesis.

Theorem 4.1 (OOS Inference): Assume that the regularity conditions in Assumption 4.1

hold. Under the null hypothesis defined in (3), it holds that

sup ΦT (K) ⇒ sup
λK ∈ Λε,ρ

K+1∑
j=1

Φj(λj−1, λj)

D sup ΦT (K̄) ⇒ max
1≤k≤K̄

(1/k) sup
λK ∈ Λε,ρ

K+1∑
j=1

Φj(λj−1, λj)

Λε,ρ =
{
λj, j = 1, . . . , K : λj ∈ (ρ+ ε, 1− ε), λj > λj−1 + ε

}
, λ0 ≡ ρ, λK+1 ≡ 1
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where

Φj(λj−1, λj) ≡
[
Bm
(∫ λj

0

ω(u, λj−1, λj)ω(u, λj−1, λj)
′ du

)]′
×{∫ λj

0

ω(u, λj−1, λj) ω(u, λj−1, λj)
′ du

}−1

×
[
Bm
(∫ λj

0

ω(u, λj−1, λj)ω(u, λj−1, λj)
′ du

)]
with

ω(u, r, s) ≡M ′ Σ−1
ff (1− ρ)−1/2

[
Im FB

]
×
{[

Ω(u, s)1/2 − Ω(u, r)1/2
]
1(u ≤ r)

+ Ω(u, s)1/2 1(r < u ≤ s)

}
Σ1/2

and where Ω(s, τ) is as defined as

Ω(s, τ)1/2 ≡

(
1(s ≤ ρ) · Im 0m×d

0d×m
{

[ln τ − ln ρ]1(s ≤ ρ) + [ln(τ)− ln(s)]1(ρ < s ≤ τ)
}
· Id

)

The proof of this theorem can be found in Appendix C.2.

Note that in the general case the limiting distribution in Theorem 4.1 depend on nuisance

parameters of the data-generating process and has to be simulated for each application.12

Forecast unbiasedness, Efficiency tests and survey forecasts

The general result presented in Theorem 4.1 above simplifies considerably in two cases that

are of great interest to practitioners.13

The first case applies when parameter estimation error in δ̂ is irrelevant i.e. if it holds

that F = 0. This case is particularly of interest when the tests are used to evaluate the

out-of-sample predictive ability of survey forecasts where the model which generated the

forecasts is not available and thus the correction for parameter estimation error can not be

applied. Relevant examples of such forecasts are survey and judgemental forecasts produced

by central banks such as the Greenbook projections produced by the Federal Reserve Board

or private sector forecasts such as the Survey of Professional Forecasters (SPF) or the Blue-

12Critical values for this limiting distribution can be simulated by a dynamic programming algorithm similar
to the one discussed in Section 5 of this paper where Φj is simulated using a modification of the algorithm
described Rossi and Sekhposyan (2016).

13These special cases were also considered in Rossi and Sekhposyan (2016).
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Chip Economic Indicators (BCEI).

The second case applies when the parameter estimation error is asymptotically negli-

gible. This case was discussed in West and McCracken (1998) Corollary 5 for the case of

regression-based tests of out-of-sample predictive ability based on the full-sample and is also

considered in Rossi and Sekhposyan (2016). In such cases, a special condition holds which

considerably simplifies the asymptotic distributions ot the proposed test statistic. The con-

dition is given in 4.1 below. This condition is satisfied in many applications of interest to

empirical researchers, particularly tests for forecast unbiasedness and efficiency under gen-

eral conditions as well as several other tests under more specific assumptions. These cases

are discussed in West and McCracken (1998).

The limiting distribution for the special cases is provided in the following Corollary of

Theorem 4.1.

Corollary 4.1 (OOS Inference in Special Cases): If (a) F = 0, that is parameter estima-

tion error is irrelevant, or (b) the following condition holds

Σff = −1

2
(FBΣhf + ΣfhB

′F ′) = FBΣhhB
′F ′

then, the result of Theorem 4.1 simplifies to

sup ΦT (K) ⇒ sup
λ ∈ Λε,ρ

K+1∑
j=1

{
‖Bp(λj − ρ)− Bp(λj−1 − ρ)‖2

λj − λj−1

}

D sup ΦT (K̄) ⇒ max
1≤k≤K̄

(1/k) sup
λ ∈ Λε,ρ

K+1∑
j=1

{
‖Bp(λj − ρ)− Bp(λj−1 − ρ)‖2

λj − λj−1

}

The proof of this corollary can be found in Appendix C.2.

Note the similarities between the limiting distribution in the in-sample case which was dis-

cussed in Section 3 and the limiting distribution in the special cases provided above. In

particular, the limiting distribution of the in-sample case is obtained when setting ρ = 0.

Under the special cases, the critical values do not depend on the data-generating process

and can be tabulated.14 In the case where the tests are applied to survey or judgemen-

tal forecasts, the only sample available to researchers is t = R, . . . , T . In particular, the

researcher cannot specify a value of ρ as the length of the in-sample portion is unknown.

In these cases, critical values for the proposed tests can be obtained by setting ρ = 0 in

the limiting distribution above and the critical values provided in Section 6 can be used to

conduct the test.

14A table of these critical values is available upon request.
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5 Implementation

This section gives detailed instructions on how to implement the tests.

5.1 Variance estimators

To implement the test statistics defined in (5) and (11), we require the estimators Σ̂ff and

Ω̂T,j that appear in the formulas of the LM and Wald statistics.

Computation of Σ̂ depends on whether there is serial correlation in the moment conditions.

When f(zt, θ0) consists of mean-zero uncorrelated random variables, a consistent estimator

is given by

Σ̂ff =
1

T − T0 + 1

T∑
t=T0

[
f(zt, θ̃)− f̄T (θ̃)

] [
f(zt, θ̃)− f̄T (θ̃)

]′
(15)

f̄T (θ̃) ≡ 1

T − T0 + 1

T∑
t=T0

f(zt, θ̃) (16)

where f̄T (θ̃) is the mean of the sample moments. Alternatively, if f(zt, θ0) consists of mean-

zero but serially correlated random variables, then a consistent estimator is given by a

kernel-based HAC estimator such as

Σ̂ff =
T−1∑
l=0

{
κ(l/qT )

1

T − T0 + 1

T∑
t=l+T0

(
f(zt, θ̃)− f̄T (θ̃)

)(
f(zt−l, θ̃)− f̄T (θ̃)

)′}

+
T−1∑
l=1

{
κ(l/qT )

1

T − T0 + 1

T∑
t=l+T0

(
f(zt−l, θ̃)− f̄T (θ̃)

)(
f(zt, θ̃)− f̄T (θ̃)

)′} (17)

where κ(·) is a kernel and qT a bandwidth parameter which can depend on the data. A ker-

nel choice that guarantees that the estimator Σ̂ff is positive semi-definite is the Quadratic

Spectral Kernel discussed in Newey and West (1987).

Next, consider the estimator Ω̂j,T . This estimator crucially depends on whether the test is

conducted in-sample or out-of-sample. In the case where the test is conducted in-sample,
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Ω̂T,j can be computed from simple formulas. Specifically, Ω̂j,T can be computed as

Ω̂j,T = (λj − λj−1)−1 Ĉ ′(ĈĈ ′)−1Ĉ

Ĉ ≡ M̄ ′
β(Im − P̄δ)

P̄δ ≡ M̄δ(M̄
′
δM̄δ)

−1M̄ ′
δ

M̄ = Σ̂
−1/2
ff

1

T − T0 + 1

T∑
t=T0

∂ft(zt, θt)

∂θ′
|θt=θ̃

(18)

where M̄β and M̄δ are obtained from partitioning M̄ = (M̄β, M̄δ). θ̃ is the restricted GMM

estimator defined in (7).

5.2 Dynamic Programming Algorithm

This section discusses how to compute the test statistics described above via an efficient

dynamic programming algorithm. First, note that given a fixed vector of sample splits, λ, the

computation of the ΦT,j parts of the test statistic defined in equation (6) is straightforward.

It simply requires computing the restricted GMM estimator defined in equation (7) and

computing the components of equation (6) via the estimators provided in the previous

section.

However, to compute the sup ΦT and D sup ΦT test statistics which allow for an unknown

vector of sample splits, one has to compute the sup operator over λ ∈ Λε. This is compu-

tationally challenging as it involves computing a series of test statistics {ΦT (λj−1, λj)}K+1
j=0

for every possible partition of the sample into K segments, respecting the minimal segement

length implicitly defined by the trimmming parameter, ε. In principle, a grid search pro-

cedure could be used, but with K > 2 this becomes quickly infeasible as it involves the

computation of ΦT (·) of order O(TK).

To solve the computational problem, I employ a dynamic programming algorithm which

efficiently computes the sup ΦT and D sup ΦT statistics in O(T 2) operations, regardless of

the value of K. The algorithm is based on the early work of Hawkins (1976) and extensions

by Bai and Perron (1998, 2003) and Qu and Perron (2007).15

The basic idea of the algorithm is as follows. For any given number of changes, K, the

sup ΦT test statistic in equation (5) is given by the sum ΦT,j(·) statistics for j = 1, . . . K+1,

which are associated with a specific partition of the sample defined by λ = (λ1, . . . , λK). The

problem of computing the sup over all possible values of λ ∈ Λε can therefore be transformed

15The dynamic programming algorithm of Bai and Perron (1998, 2003) computes the sum of squared
residuals (SSR) of a linear regression model for every possible partition of the sample into K+1 regimes.
Qu and Perron (2007) extend this algorithm to compute QMLE estimates assuming a linear pseudo-model
with gaussian errors. In contrast, I modify the dynamic programming algorithm to directly compute the
sup-ΦT test statistics which are functions of sums of partial sample moments as well as the restricted
GMM estimator.
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into several steps which are described in the following algorithm.

Algorithm 5.1 (Computation of sup ΦT (K) and D sup ΦT (K̄) tests): The sup ΦT (K) test

is computed by implementing Steps 1 and 2 of the following algorithm. The D sup ΦT test

is computed by implementing Steps 1-3, setting K = K̄ for the first two steps.

Step 1: Compute and store all possible segments of the test statistic ΦT,j(Tm, Tn) :=

ΦT,j([λmT ], [λnT ]) for Tm, Tn ∈ t = 1, . . . , T which satisfy Tm > Tn and λr := [λrT ]. In the

case of the LM test, ΦT,j is as defined in equation (6).

Step 2: Recursively maximize the sum of k+1 of these partitions for k = 1, 2, . . . , K using

the following Bellman equation.

ΦT ({λk,T}) = max
kh≤Tj≤T−h

[
ΦT ({λk−1,Tj}) + ΦT (Tj + 1, T )

]
(19)

where ΦT ({λk,Tj}) denotes the value of the sup ΦT statistic associated with an optimal par-

tition based on k changes and using observations t = 1, . . . , Tj and h = [εT ] is the mini-

mum segment length implied by the trimming parameter. The recursion is initialized with

ΦT ({λ0,Tj}) ≡ ΦT (Tj + 1, T ).

Step 3: Carrying out Steps 1-2 with K = K̄ yields a series of test statistics under k changes,{
ΦT ({λk,T})

}K̄
k=1

. Then, compute D sup ΦT (K̄) as in equation (11) by first normalizing

each element of the series by dividing by the respective k and computing D sup ΦT (K̄) as the

maximum element of the normalized series.

An efficient software implementation of the steps above is described in Appendix A. Note

that the computation of all possible seqments in Step 1 requires computing less than T (T +

1)/2 times the ΦT test statistics and is therefore of order O(T 2).16

As stated previously, the test presented in section 2 can be conducted based on a

Lagrange-Multiplier form (ΦLM
T ) or a Wald-form (ΦW

T ). If all coefficients of the model

are to be tested (i.e. θ = β is the full parameter vector), both the LM and Wald tests can

be computed via the algorithm described above. However, when the test is carried out on

a subvector of θ, the algorithm above needs to be modified to compute the Wald test. One

has to augment the steps above with another layer, conditioning on estimates δ̂ under the

alternative hypothesis and iterating until convergence.17 Therefore, the LM test has con-

16Depending on the value of the trimming parameter, ε, substantially less than T (T + 1)/2 computations
are needed. This is because one only has to consider segments which have a minimum length of h = [εT ]
observations. Further, for specific models, additional computational simplifications are possible by using
an updating rule to compute ΦT .

17A similar strategy to compute Wald tests has been used in the structural break literature, see e.g. the
algorithms in Qu and Perron (2007) and Bai and Perron (2003). Details on the modified algorithm are
available from the author on request.
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siderable computational benefits over the Wald versions as it only requires the computation

of the restricted GMM estimator under the null hypothesis.

6 Simulation Studies

To investigate the finite sample performance of the specification tests proposed in this paper,

I conduct a series of Monte-Carlo experiments using several data-generating processes. The

goal of the simulation exercises is three-fold: First, they illustrate the difference between

the proposed model specification test, tests of multiple structural breaks and traditional

hypothesis tests assuming a constant parameter. Second, they assess the finite-sample

properties of the proposed tests for a variety of data-generating processes. Third, they

study under which conditions allowing for multiple shifts in the coefficient vector leads to

power gains relative to tests imposing one break. In what follows, I describe each simulation

exercise, define the respective data-generating processes and discuss the simulation results.

6.1 Asymptotic Power Illustration

Before studying the finite-sample approximation quality of the limiting distributions, I con-

duct an asymptotic power exercise to illustrate why it is useful to jointly test the hypotheses

in (3) rather than relying on traditional hypothesis tests or traditional structural break tests.

Recall from the discussion in Section 2 that traditional tests are designed to test either H
(1)
0

or H
(2)
0 and therefore might not reliably detect departures originating in the other part of

null hypothesis. In contrast, the tests proposed in this paper, jointly test H
(1)
0 and H

(2)
0 and

reject against any combination of these hypotheses. To illustrate this argument, I conduct

a simulation exercise using the following simple data-generating process:

yt+1 = βt,T xt + ηt xt, ηt ∼ iid N (0, 1) (20)

I simulate data from this model using a large sample size of T = 1, 000 and inspect rejection

rates of (i) a full-sample LM test, (ii) Bai and Perron (1998)’s UDmax(5) test, (iii) Rossi

(2005)’s QLR∗T test and (iv) the D sup(5) test proposed in this paper against two stylized

data generating-processes capturing a departure from H
(1)
0 and H

(2)
0 , respectively.18 The

next two paragraphs briefly describe the two considered designs and discuss the simulated

power curves which are reported in Figure 2.

Design AP1. The first design has βt,T = βA ∀ t i.e. the parameter which is tested is not

time-varying. Figure 2 panel AP1 shows the “asymptotic” power of the tests as a function

of βA. It illustrates that when the parameter is not time-varying, the full-sample parameter

18All tests are conducted at 95% level and a trimming parameter of ε = 0.05 is used for tests (ii)-(iv).
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Figure 2: Asymptotic Power Illustration
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The figure shows simulated rejection rates for tests of the null hypothesis H0 : β = 0 in model (20) with
5% nominal size. D sup(5) denotes the proposed instability-robust test with a maximum of K̄ = 5 shifts in
the parameter vector. LM denotes a traditional full-sample Lagrange-Multiplier test. QLR∗ denotes Rossi
(2005)’s QLR∗

T test which imposes one break. ’UDmax(5)’ denotes Bai and Perron (1998)’s UDmax test
with a maximum of 5 breaks. Rejection rates are based on 5,000 replications and T = 1, 000 observations.

test (LM) is the most powerful test among the four tests considered. In contrast, the test for

a structural break (UDmax(5)) has a flat power function equal to the nominal size 5%. The

test robust to multiple instabilities proposed in this paper (Dsup(5)) exhibits high power

against this alternative.

Design AP2. The second design has βt,T = βA 1(t ≤ T/2) − βA 1(t > T/2) i.e. there is

a single shift in the parameter which is tested. Figure 2 panel AP2 shows the “asymptotic

power” of the tests as a function of βA. It illustrates that this shift is not detected by a

traditional hypothesis test (LM) which has a flat power function equal to the nominal size

5%. In contrast, the structural break test (UDmax) and the instability-robust tests (QLR∗

and D sup(5)) exhibit substantial power against this alternative. Finally, it is important

to note that while the QLR∗ test is optimal for the case of one break, both the structural

break test and the proposed D sup(5) test exhibit virtually the same power.

6.2 Finite-sample size

Next, I assess the quality of the finite-sample approximation of the limiting distribution of

the test. I first focus on the finite-sample size of the proposed test procedure. Size control

in finite-samples is an important feature of any test procedure since a researcher choosing

a particular significance level α expects the test to reject only in (1 − α)% of cases when

the null hypothesis is true. I study a data-generating process resembling a linear regression

which predicts a scalar series, yt, with past values of a predictor, xt, and a control variable,
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wt correlated with the predictor. Both the prediction error and the predictor variable

admit serial correlation in the form of an AR(1) process. This class of models has received

considerable attention in the predictability literature, both in macroeconomics and finance

(see the reviews in Pitarakis and Gonzalo (2019) and Rossi (2013)). The data-generating

process is defined as follows

yt = βt,T xt + δ wt + ηt ηt = φη ηt−1 + ζt (21)

xt = φx xt−1 + ξt wt = ρxw xt + ιt (22)

where ζt, ξt, ιt are independent and iid N (0, 1) and x0, η0 are drawn from the unconditional

distribution of the respective AR process.

To assess the finite-sample size of the tests, I simulate 10,000 samples from the model

above, imposing the null hypothesis βt,T = 0, and compute rejection rates for (i) the tra-

ditional LM test, (ii) Rossi (2005)’s QLR∗T test and (iii) the D sup(5) test proposed in this

paper. All tests are conducted on the β subvector while leaving δ unspecified. I simu-

late specifications with sample sizes T ∈ {125, 250, 500, 1000} and various degrees of serial

correlation in the predictor and prediction errors, φη, φx ∈ {0, 0.25, 0.5} and consider tests

both with and without HAC correction.19 In all specifications, the correlation between the

predictor and control variable is fixed at ρxw = 0.25.

Results. Table 2 reports the results regarding the empirical size of the model specification

tests for the model in equation (21) for 5% nominal size and a trimming parameter of

ε = 0.05. First, consider the case in which no serial correlation is present in the data

(φx = 0, φη = 0). When constructed using a heteroskedasticity-robust variance estimator

(upper-left corner of Panel A), we observe that the proposed D sup test allowing for up

to K̄ = 5 shifts exhibits good size control with finite-sample size being virtually identical

to the size of Rossi (2005)’ QLRT test which imposes one break. In comparison to the

traditional LM test, both instability-robust tests are slightly undersized in small samples,

but size quickly converges to the nominal level as T grows. Using a variance estimator with

HAC correction as described above yields similar size results; only in small samples are the

D sup(5) and QLR∗T more conservative than without the HAC correction (upper-left corner

of Panel B). Next, consider the case with serial correlation in the predictor and/or prediction

error. If serial correlation is ignored and the tests is constructed using a heteroskedasticity-

robust variance estimator, size control crucially depends on the structure and amount of

serial correlation in the data. The table illustrates that when serial correlation is present

only in the predictor variable or the prediction errors (second and third row/column of Panel

19The HAC correction is based on AR(1) approximaiton using Andrews (1991) data-dependent method and
a Quadratic-Spectral kernel.
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A), finite-sample size is barely affected. However, when serial correlation is present in both

model components, all three tests become oversized with rejection rates growing both with

φx and φη. In that case, the instability-robust tests have significantly larger size-distortions

than the LM tests with the proposed D sup(5) test exhibiting mildly worse size control

than the QLR∗ test. However, when the serial correlation is acknowledged and the test is

constructed using the variance estimator with HAC correction provided in Section 2, the

D sup(5) test recovers good size control and nominal size is close to 5% in medium to large

samples. Finally, it is interesting to assess the robustness of these findings to choosing a

larger trimming parameter. As Table B.1 in the appendix shows, increasing the trimming

parameter to ε = 0.1 yields nearly identical results.

To conclude, the simulation exercise shows that, when constructed using the appropriate

variance estimator, the D sup(K) test exhibits good size control across a variety of specifica-

tions with finite-sample size comparable to that of Rossi (2005)’s QLR∗T test. This implies

that it is possible to allow for more than one break under the alternative without incurring

a penalty with respect to the finite-sample size of the testing procedure.

6.3 Finite-sample power

Finally, I examine the finite-sample power of the proposed test. Understanding the power

properties of (correctly sized) testing procedures is important as a researcher ideally would

like to choose the testing procedure that maximises the chances of correctly detecting a

departure from the null hypothesis based on an available data sample. As power properties

typically depend on the data-generating process considered, a careful analysis of finite-

sample rejection rates helps to understand under which conditions testing procedures should

be used. To assess finite-sample power of the proposed tests, I focus on a class of alternatives

where βt,T exhibits local departures from the null hypothesis, β0. Specifically, I focus on

alternatives in which the coefficient has a value of zero for the majority of the sample, but

there are multiple short episodes during which the coefficient departs from zero. This type

of data-generating process has received considerable attention in the predictability literature

in recent years (see e.g. the “pockets of predictability hypothesis” in Timmermann (2008)

and Farmer et al. (2019) and empirical studies Gonzalo and Pitarakis (2012, 2017) and Rossi

(2020).

As in the size simulations discussed in the previous subsection, I employ the following

data-generating process

yt = βt,T xt + δ wt + ηt ηt = φη ηt−1 + ζt (23)

xt = φx xt−1 + ξt wt = ρxw xt + ιt (24)

where ζt, ξt, ιt ∼ iid N (0, 1) and x0, η0 are drawn from the unconditional distribution of the
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Table 2: Finite-sample size for ε = 0.05. Nominal size 5%

φη = 0 φη = 0.25 φη = 0.5

T φx Dsup(5) LM QLR∗ Dsup(5) LM QLR∗ Dsup(5) LM QLR∗

Panel A: Heteroskedasticity-robust

125 0.00 0.043 0.052 0.040 0.047 0.051 0.044 0.057 0.051 0.048
250 0.00 0.042 0.046 0.040 0.043 0.047 0.041 0.049 0.047 0.042
500 0.00 0.044 0.049 0.042 0.045 0.049 0.044 0.051 0.048 0.045

1,000 0.00 0.047 0.050 0.046 0.047 0.050 0.048 0.049 0.052 0.050

125 0.25 0.043 0.051 0.040 0.074 0.065 0.064 0.133 0.081 0.102
250 0.25 0.046 0.045 0.042 0.074 0.061 0.068 0.130 0.078 0.108
500 0.25 0.043 0.051 0.044 0.080 0.066 0.075 0.138 0.079 0.120

1,000 0.25 0.049 0.051 0.046 0.083 0.064 0.078 0.143 0.081 0.128

125 0.50 0.054 0.051 0.045 0.126 0.080 0.101 0.265 0.118 0.194
250 0.50 0.049 0.048 0.044 0.130 0.080 0.110 0.289 0.121 0.224
500 0.50 0.048 0.048 0.045 0.135 0.080 0.119 0.310 0.119 0.247

1,000 0.50 0.048 0.053 0.050 0.141 0.085 0.125 0.330 0.125 0.263

Panel B: HAC - AR(1) approximation, QS kernel, Andrews (1991) bandwidth

125 0.00 0.032 0.047 0.030 0.031 0.048 0.032 0.036 0.046 0.035
250 0.00 0.036 0.044 0.034 0.036 0.045 0.035 0.039 0.044 0.036
500 0.00 0.043 0.049 0.041 0.041 0.049 0.042 0.046 0.048 0.042

1,000 0.00 0.045 0.049 0.044 0.045 0.050 0.046 0.046 0.051 0.048

125 0.25 0.030 0.046 0.030 0.034 0.052 0.035 0.039 0.053 0.038
250 0.25 0.037 0.044 0.036 0.041 0.050 0.041 0.045 0.052 0.043
500 0.25 0.040 0.049 0.042 0.048 0.054 0.049 0.054 0.054 0.048

1,000 0.25 0.047 0.050 0.045 0.054 0.053 0.052 0.057 0.055 0.054

125 0.50 0.033 0.047 0.034 0.038 0.053 0.039 0.035 0.053 0.036
250 0.50 0.040 0.045 0.038 0.046 0.052 0.046 0.045 0.053 0.044
500 0.50 0.042 0.048 0.040 0.051 0.054 0.048 0.050 0.052 0.049

1,000 0.50 0.047 0.052 0.046 0.055 0.056 0.056 0.055 0.054 0.053

The table reports simulated finite-sample size for tests of the null hypothesis H0 : β = 0 with 5% nominal
size. D sup(5) denotes the proposed instability-robust test with a maximum of K̄ = 5 breaks, LM denotes a
traditional LM test and QLR∗ denotes Rossi (2005)’s instability-robust test imposing one break. Rejection
rates are based on 10,000 replications from the model in equation (21) using a sample of T observations
where the serial correlation of the predictor and prediction error is controlled by φx, φη, respectively.
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respective AR process.

To assess the finite-sample power of the tests, I simulate 5,000 samples from the model

above and compute rejection rates for (i) the traditional LM test, (ii) Rossi (2005)’s QLR∗T
test and (iii) the D sup(5) test proposed in this paper. All tests are conducted on the β

subvector while leaving δ unspecified. The instability-robust tests use a trimming parameter

of ε = 0.05. I focus on a sample size T = 400 to ensure all tests have a similar size and raw

power can be compared between the tests. As in the size simulations, the correlation between

the predictor and control variable is fixed at ρxw = 0.25. For clarity of exposition, the main

text presents results for the case without serial correlation and using a heteroskedasticity-

robust variance estimator. Appendix B reports additional results for φx = 0.5, φη = 0.5

and a variance estimator with HAC correction, based on an AR(1) approximation using

Andrews (1991) data-dependent method and a Quadratic-Spectral kernel.

I consider power curves based on three designs for the time-varying coefficient vector,

βt,T which are denoted P1 - P3. Figure 3 Panel D illustrates the three designs which differ

in the number and location of the local departures from the null hypothesis βt,T = 0 over

the sample as well as the sign of the shifts. The width of the predictability pockets is fixed

at 5% of the sample size i.e. each pocket has a duration of 20 observations. The magnitude

of the shifts is uniform over the pockets and scaled by a scalar parameter βA, where βA = 0

implies no predictability at any point in time. In what follows, I briefly discuss the consid-

ered designs and the corresponding power curves in Figure 3.

Design P1. Figure 3 Panel P1 shows power curves for the predictability process P1 which

features two predictability pockets of opposite signs, located at one-third and three-fourths

of the sample, respectively. The simulation illustrates the need for predictability tests that

take instabilities into account. It is evident that the traditional LM test exhibits no power

against alternatives of this form; the rejection rate of the LM test stays constant at nominal

size 5%, regardless of the magnitude of the shift, βA. In contrast, the predictability tests

that allow for instabilities have power in detecting predictability of this form. Furhter, we

note that the power of the D sup test uniformly dominates that of Rossi (2005)’s test, show-

ing that allowing for multiple shifts in the coefficient vector under the alternative leads to

power gains in finite-samples.

Designs P2 & P3. The bottom two panels in Figure 3 show power comparisons for the

predictability proccesses P2 and P3, respectively. These processes are calibrated to empiri-

cal results from Farmer et al. (2019) who conduct non-parametric regressions to study the

presence of predictability pockets in various commonly considered predictors of the equity

premium. When evaluating power of the proposed test in the presence of predictability

pockets, there are many choices of processes for βt,T that differ with respect to number
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of the pockets, their location and duration as well sign and magnitude of the implied co-

efficient shifts. Calibrating βt,T allows to assess the test’s performance under conditions

that could be encountered in “real-world” empirical examples and therefore provides a good

benchmark for assessing the power of the test. I calibrate the processes P2 and P3 to the

empirical findings of Farmer et al. (2019) by matching the number of simulated pockets,

the relative location of the pockets over the samples as well as the sign of the implied shifts

to the results reported by the authors in predicting excess returns from (i) the term spread

using daily data (P2) and (ii) the T-bill rate using monthly data (P3).20 For both processes,

the power of the proposed D sup test uniformly dominates the power of the test imposing

one break. This confirms that allowing multiple shifts in the coefficient vector under the

alternative leads to power gains in empirically relevant scenarios. Further, as with P1, the

traditional LM test shows substantially lower power for P2 and almost no power for P3

which features both negative and positive pockets, reiterating the need for predictability

tests that explicitly take instabilities into account.

Sensitivity Checks. I assess the sensitivity of the conclusions drawn above to variations

in the specification of the considered tests. Figure B.1 reports finite-sample power curves

for the same data-generating process without serial correlation (φx = 0, φη = 0), but using

variance estimator with a HAC correction is used. All conclusions regarding relative power

of the tests discussed above remain unchanged. Finally, I inspect power in the case where

both φx = 0.5 and φη = 0.5. Figure B.2 shows that the power of all of the three test

decreases considerably relative to the case without serial correlation, but that the proposed

D sup test remains the most powerful among the three tests considered.

20Specifically, Farmer et al. (2019) find 3 pockets which have “less than a 5% chance of being spurious”
for predicting from the term-spread using daily data. These pockets are located at 12%, 21% and 37%
of the sample with all pockets exhibiting positve coefficient shifts. For predicting using the T-bill rate in
monthly data, using the same criterion, they find 3 pockets which are located at 6%, 30% and 65% of the
sample with the first two pockets exhibiting negative shifts of the coefficient and the third pocket having
a positive shift.
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Figure 3: Finite-sample power for ε = 0.05
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The figure shows simulated rejection rates for tests of the null hypothesis H0 : β = 0 against different
designs for the alternative, βt,T , denoted P1 - P3. Panel D illustrates the different designs for βt,T . Power
curves are reported for increasing size of the shifts, βA, under the alternative. All tests are conducted at
α = 5% significance level. The solid black line denotes the proposed D sup(5) instability-robust test with
a maximum of K̄ = 5 breaks. The blue shaded line denotes Rossi (2005)’s QLR∗

T test imposing one break
and the red dotted line denotes a traditional LM test. Rejection rates are based on 5,000 replications for a
sample of T = 400 observations from the model in equation (23) where the serial correlation of the predictor
and prediction error φx = 0, φη = 0, respectively.
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7 Local Stock Return Predictability

Are stock returns predictable by financial valuation ratios or term-structure variables? This

question is at the center of an important research agenda in finance and has been analyzed

by a large array of seminal studies.21 However, despite a significant volume of research being

devoted to this question, the predictability debate has not yet reached a consensus. For ex-

ample, while some studies find evidence of predictability by valuation ratios or consumption

ratios (Lettau and Ludvigson, 2001), other studies find that these results are unstable and

crucially depend on the stochastic properties of the predictors or the sample period studied

(Campbell and Yogo, 2006). Welch and Goyal (2007) came to the conlcusion that “[...] the

literature has yet to find some variable that has meaningful and robust empirical equity

premium forecasting power [...]” (p. 1505).

One explanation for the difficulty of establishing a consensus is that predictability can

vary over time. For example, Pesaran and Timmermann (1995) find that the ability of

various economic variables to predict stock returns changes with the volatility of returns

and Rapach and Wohar (2006) provide evidence of parameter instability in predictive re-

gressions. Recently, some studies have presented evidence that predictability is a local

phenomenon and is concentrated in short subsamples of the data. Timmermann (2008)

concludes that the “[...] empirical findings suggest that most of the time stock returns are

not predictable, but there appear to be pockets in time where there is modest evidence of

local predictability.” Pesaran and Timmermann (2000) note that oil prices were an im-

portant predictor for stock prices during the 1970s but that their importance subsequently

vanished. Similarly, Gonzalo and Pitarakis (2012, 2017) and Henkel et al. (2011) find that

predictability is linked to measures of business cycle conditions, leading to short episodes

of significant predictability. Further theoretical support for local predictability is given in

Timmermann (2008) who argues that investors’ successful search for good forecasting mod-

els itself might generate ”pockets of predictability“ i.e. short-lived periods of significant

predictability that are followed by long periods without predictability. In a recent study,

Farmer et al. (2019) argue that such pockets of return predictability are consistent with an

asset pricing model featuring incomplete learning and provide ample empirical evidence in

support of the predictability pockets hypothesis using non-parametric regressions.

Empirical support for or against predictability crucially relies on specification tests in

predictive regressions. However, as argued throughout this paper, when predictability varies

over time, traditional hypothesis tests may have low or no power against potentially impor-

tant alternatives. Simply testing for predictability at each point in time or over a collection

of various subsamples does not offer a good alternative as it suffers from a multiple testing

21For early research on this topic see for example Fama and French (1988) and Campbell and Shiller (1988).
Ang and Bekaert (2007), Welch and Goyal (2007) and Timmermann (2008), Cochrane (2008) provide
more recent discussions.
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problem affecting size and power of the tests. The test proposed in this paper, however, is

robust to multiple shifts in magnitude and signs of the parameter vector and can be applied

to a general class of models. This makes it a good choice to investigate the hypothesis of

local predictability in return prediction.

This paper is not the first to address the issue of robustifying inference in return pre-

diction to episodic predictability. For example, Gonzalo and Pitarakis (2012, 2017) analyze

return predictability in a threshold model that links time variation in predictability to the

state of the economy (for example a variable measuring business cycle fluctuations). Henkel

et al. (2011) follow a similar approach. In general, however, predictability might be linked

to a variety of features of the economic environment that are not necessarily tied to the

business cycle. The advantage of using the test proposed in this paper over existing ap-

proaches is that the researcher does not need to condition predictability on a set of known

variables measuring the state of the economy. Rather, the test can be used as a first step

to establish whether there is evidence of local predictability before the researcher comes up

with a hypothesis about potential driving forces of the predictability process.

7.1 Data

The issue of stock return predictability has been analyzed using a large variety of specifica-

tions. To keep the exposition in this paper compact and to ensure comparability with the

literature, I focus on the most commonly employed specification which predicts monthly US

stock market excess returns over the post-war period 1946-2019 using the set of financial

variables considered in Welch and Goyal (2007).22 In the following, I give details on the

construction of the excess return series and the predictor variables.

Equity Premium. The dependent variable is constructed based on a CRSP (Center for

Research in Security Prices) dataset that is widely used in the literature. Specifically, I con-

struct the excess return on the US stock market (equity premium) as the difference between

a measure of the US stock market log return and a risk-free log return. The US stock mar-

ket return is measured by the value-weighted S&P 500 total stock market return including

dividends. The risk-free rate is the three-month T-bill rate from FRED. This measure of the

equity premium is widely used in the literature e.g. recently by Welch and Goyal (2007) and

Kostakis et al. (2015). For robustness, I also present results using an alternative measure

of the excess return where the US stock market return is the value-weighted CRSP stock

market return including dividends for NYSE, AMEX and NASDAQ and the risk-free rate is

proxied by a 1-month Treasury bill rate from Ibbotson and Associates Inc. This alternative

measure of the equity premium has been used recently in Gonzalo and Pitarakis (2012) and

22Studies of excess return prediction often restrict the sample to the post-war period, see e.g. Gonzalo and
Pitarakis (2012).
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Gonzalo and Pitarakis (2017). Figure B.3 Panel A shows the equity premium series used in

the empirical analysis

Predictor Variables. The source of the predictor data is an updated version of the

monthly dataset used in Welch and Goyal (2007).23 This predictor dataset has been consid-

ered in numerous studies in the literature and has become a benchmark in the predictability

literature. I focus on the same set of predictors recently considered in Kostakis et al. (2015),

namely the dividend-payout ratio, defined as the difference between the log of dividends and

the log of earnings, the earnings-price ratio, defined as the difference between the log of earn-

ings and the log of stock prices, the long-term yield, defined as the long-term US government

bond yield from Ibbotson’s Stocks, Bonds Bills and Inflation Yearbook, the T-bill rate which

after 1934 is the 3-month T-bill rate from FRED and before is extracted from the NBER

Macrohistory database, the term-spread which is the difference between the long-term yield

and the T-bill rate, the dividend-price ratio, defined as the log of dividends over stock prices,

the dividend-yield, defined as the log of dividends over lagged prices, the default yield spread,

defined as the difference between the BAA and AAA-rated corporate bond yields taken from

FRED, the book-to-market ratio which is the ratio of book value to market value for the

DJIA, the net equity expansion, defined as the ratio of the twelve month moving sum of net

equity issues by NYSE listed stocks divided by the total end-of-year market capitalization of

these stocks and the inflation rate calculated from the Consumer Price Index of the Bureau

of Labor Statistics. Figure B.3 panels B-L show the predictor series used in the empirical

analysis.

7.2 Predictability Tests Robust to Instabilities

As is customary in the literature, I study the individual predictive ability of each of the

financial variables using the following univariate predictive model

ret+1 = α + β xt + ηt+1 (25)

where ret+1 denotes the one-month-ahead excess return and xt is the considered predictor.

Predictability studies typically conduct tests of the hypothesis H0 : β = 0 over the full

sample or specific subsamples. However, as illustrated in the previous sections, these tests

are not robust to the presence of instabilities and might therefore fail to detect locally ocur-

ring predictability. The test proposed in this paper considers the same null hypothesis, but

explicitly takes local predictability into account. Using the proposed test, I revisit the spec-

ification above and re-evaluate the predictability of the set of predictors described in the

23The dataset updated until December 2019 was downloaded from Amit Goyal’s website and at the time of
writing this paper could be found at http://www.hec.unil.ch/agoyal/.
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previous subsection. As in the simulation studies discussed in Section 6, I use a D sup(5)

test with 5% trimming. All tests are conducted based on the HAC variance estimators

reported in Section 2 based on an AR(1) approximation with Andrews (1991) automatic

bandwidth selection procedure and a Quadratic Spectral kernel

Results. Table 3 reports the predictability tests robust to instabilities for each of the

potential predictors. To facilitate comparison with the literature, the left panel reports the

full-sample least squares estimates (β̂OLS), the R2 of the full-sample regression (in percentage

points) as well as the traditional predictability tests using a t-ratio with HAC correction for

the full-sample (tHAC) and a subsample starting in 1952 (tHAC1952 ). The right panel reports

the results from the instability-robust D sup(5) predictability tests proposed in Section 2

for the same subsamples.

I first dicuss the traditional inference approach using test statistics constructed over

the full-sample. Note that standard least-squares inference indicates that only few of the

financial variables have significant predictive ability for the equity premium at 5% level,

namely the T-bill rate, the dividend-price ratio, the dividend-yield and the inflation rate.

Further, when considering a slightly different subsample starting in January 195224 (tHAC1952 ),

the significance of the dividend-price ratio and the dividend-yield disappears and only the

T-bill rate remains significant at 5% level. The results are in line with findings from tra-

ditional predictability tests reported in Kostakis et al. (2015) and, more generally, match

the conclusion of previous studies documenting that predictive ability of valuation ratios

crucially depends on the subsample considered (see e.g. the discussion in Campbell and

Yogo (2006) or Welch and Goyal (2007)).25

The picture changes considerably when looking at the instability-robust tests. The

D sup(5) test conducted on the 1946 - 2019 sample shows additional significant (local)

predictability at 5% level for the dividend-payout ratio, the earnings-price ratio, the default

yield spread and net equity expansion; only the long-term yield, the term-spread and the

book-to-market ratio are not significant at 5% level. In addition, contrary to the traditional

tests, the findings from the D sup(5) test are robust to moving to the post-1952 subsample.

The test results support the hypothesis that predictability from financial variables is a

local phenomenon and therefore difficult to detect with traditional tests which do not take

instabilities into account. The findings generalize those found in earlier studies which doc-

ument evidence of episodic predictability for specific variables (e.g. Gonzalo and Pitarakis

24The post-1952 subsample is often considered in predictability studies since term structure variables are
thought to be more informative after the passing of the 1952 Treasury Accord which separated government
debt management from monetary policy.

25In particular, the tests results in Gonzalo and Pitarakis (2012) also indicate vanishing excess return
predictability for the dividend-yield and Kostakis et al. (2015) find the same variables to be significant
in the post-1952 period when using traditional tests. Finally, all regressions have low explanatory power
with R2 below 1%, a feature documented e.g. in Welch and Goyal (2007).
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Table 3: Predictability Tests for the Equity Premium

Traditional Robust

Predictor β̂OLS R2 (%) tHAC tHAC1952 D sup(5) D sup(5)1952

Dividend payout ratio 0.002 0.03 0.30 0.45 13.72** 14.42**
Earnings-price ratio 0.005 0.28 1.10 0.61 13.86** 12.24**
Long-term yield -0.086 0.34 -1.62 -1.52 8.57 8.50
T-bill rate -0.110 0.66 -2.39** -2.40** 12.07** 11.50*
Term spread 0.192 0.38 1.70* 1.89* 8.40 9.30
Dividend-price ratio 0.006 0.41 1.98** 1.41 16.01*** 14.86**
Dividend-yield 0.006 0.46 2.08** 1.53 15.68*** 14.85**
Default yield spread 0.154 0.03 0.30 0.36 13.89** 13.54**
Book-to-market ratio 0.004 0.06 0.63 0.29 6.55 5.76
Net equity expansion -0.041 0.04 -0.37 -0.45 21.43*** 21.62***
Inflation rate -0.915 0.96 -2.58** -1.85* 17.46*** 11.03*

The table presents the results of conducting predictability tests of the null hypothesis β = 0 for the post-
war sample 1946-2019 in model (25) using the S&P 500 Equity Premium. The left panel reports the

full-sample least squares estimates, β̂OLS , the R2 of the full-sample regression (in percentage points) as well
as the traditional predictability tests using a t-ratio with HAC correction for the full-sample, tHAC , and a
subsample starting in 1952, tHAC1952 . The right panel reports the results from the instability-robust D supLM
model-specification tests with a maximum of K̄ = 5 shifts and trimming parameter set at ε = 0.05 for the
same subsamples. For all test statistics, the stars denote a rejection the null hypothesis of no predictability
at significance levels 1% (***), 5% (**), and 10% (*), respectively.

(2012) document episodic predictability for the dividend-yield.). Further, they explain why

studies that split the sample at different dates have often come to conflicting conclusions

regarding the predictive ability of a wide class of predictors and highlight the need for ro-

bustifying inference to local instabilities.

Robustness. To assess the robustness of the results documented above, I repeat the pre-

dictability tests using a different measure of the equity premium based on CRSP stock

returns including dividends for NYSE, AMEX and NASDAW with a 1-month treasury bill

rate as the risk-free rate (see data section above). Table B.2 reports the test results from

this alternative measure of the equity premium. All conclusions discussed in this section

are robust to this change. I also address a potential concern regarding the persistence of

the considered predictor variables. The predictors typically studied with predictive mod-

els such as the one in equation (25) are often highly persistent and recently, studies have

started to model these predictors as near-unit-root predictors when conducting predictabil-

ity tests (see e.g. the discussion in Pitarakis and Gonzalo (2019) and the IVX approach

proposed by Kostakis et al. (2015)). While it is in principle possible to apply the proposed

test to an IVX moment condition, I focus here on exploring the robustness of the results

discussed above by using first-differenced values of the predictors, ∆xt = xt − xt−1. Table
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B.3 presents the results from the predictability tests using first-differenced predicors. In

comparison to the results discussed above, the evidence of predictability indeed disappears

for the earnings-price ratio, the dividend-price ratio, the dividend-yield and the inflation

rate, all variables for which there is evidence of near-unit-root behaviour, highlighting the

importance of carefully assessing the stochastic properties of each predictor before applying

predictability tests. However, for the remaining predictors the main conclusions discussed

above continue to hold in the first-differenced model. Most importantly, the traditional

tests still give conflicting evidence when considering the two subsamples while the proposed

instability-robust tests provide stable inference.

Predictability Paths. The evidence discussed above that predictability from financial

variables is a local phenomenon, raises an interesting question: Is there heterogeneity in the

location of predictability for different predictors? And if yes, how does predictability evolve

over the sample? Is predictability really concentrated in short “predictability pockets” such

as hypothesized by recent studies or are there larger episodes of predictability? While

the tests proposed in this paper do not allow to draw precise inference on which periods

over the sample are significant or not at a given significance level,26 the components of the

D sup(K) test statistic do provide a narrative view on how predictability might evolve over

the sample. Figure 4 shows the evolution of the ΦT,j components of the D sup(K) test over

the sample. In contrast to the previous section, I consider a larger upper ceiling of shifts,

K̄ = 10 and a lower trimming parameter, ε = .02. I adopt this specification of the tests since

Farmer et al. (2019) who assess predictability paths using a non-parametric testing procedure

based on multiple t-tests report evidence of particularly short-lived predictability episodes.

Simulation studies available on request show that the tests still exhibits good size control and

has the same power properties against the data-generating processes discussed in Section 6

when using a sample of the size available here. To choose the number of shifts, I adopt the

BIC criterion discussed in Bai and Perron (2006) and only report predictability paths for

the variables for which the criterion detects at least one shift. The figure provides evidence

that predictability is indeed concentrated in different periods over the sample, depending

on the predictor considered. Specifically, while the predictive ability of the dividend-yield

seems concentrated in the pre-1956 period, the earnings-price ratio and the default yield

spread predictors to have an episode of large predictive ability during the Great Recession

period. Finally, the predictive ability of the term spread variable seems concentrated in a

brief period during the early 1980s.

26Since the proposed tests are joint hypothesis tests, it is not straightforward to extend the methods to a
sequential procedure in the spirit of Bai and Perron (1998)’s FT (k+1|k) test as the researcher would need
to add an intermediate step that tests whether the rejection occurred due to constant predictability or the
presence of an additional shift in the coefficient vector. However, developing repeated testing procedures
that correct for the multiple testing at each stage is an interesting avenue for future research.
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Figure 4: Predictability Paths
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The graph shows the ΦT,j components of the D supLM(10) model-specification tests for the S&P 500
Equity Premium based on the model in equation (25) with trimming parameter ε = .02. The number of
coefficient shifts is selected via the BIC criterion discussed in Bai and Perron (2006). Gray vertical bars
denote NBER recessions.

40



8 Conclusion

This paper develops a general approach to test whether a parameter should be included in an

economic model robust to time-variation in parameters. The hypothesis test can be used to

evaluate any economic model described by a set of moment conditions in-sample or out-of-

sample. In-sample, the test selects between two nested model specifications in the presence

of parameter instabilities. Out-of-sample, the test can be used to evaluate the performance

of model forecasts or model-free forecasts such as survey or judgmental forecasts robust to

time-variation. The key feature of the proposed test is that it is particularly powerful in the

presence of multiple breaks in parameters without imposing a specific form of time-variation.

Further, the test statistic provides narrative evidence on which parts of the sample drive

the rejection of the null hypothesis.

The approach jointly tests for both parameter instability and a constant non-zero value

of the parameter. This allows the test to detect departures from the null hypothesis, even

when they only occur over short periods of the sample and makes the test more powerful

than traditional hypothesis tests which are based on the full sample. The test statistic

jointly considers all possible partitions of the sample up to an upper bound of K̄ splits to

evaluate whether there is evidence to reject the null hypothesis. It can be constructed based

on a Lagrange-Multiplier or a Wald form and can be efficiently implemented via a dynamic

programming algorithm provided in the paper.

Extensive Monte-Carlo simulations show that the proposed test is accurately sized in

finite samples and is more powerful than tests assuming constant coefficients or a single

break if the data-generating process exhibits multiple breaks in parameters. At the same

time, the test has high power when model parameters only undergo one shift or are constant.

This makes the test particularly useful when the researcher faces uncertainty about whether

and how parameters change over time.

The empirical study uses the test to document the presence of local short-horizon pre-

dictability in the US equity premium during the 1946-2019 period from a set of financial

variables considered in Welch and Goyal (2007). There is significant predictive ability with

respect to one-month ahead excess market returns for a large set of predictors, once time-

variation is taken into account. In contrast to traditional predictability tests based on the

full sample, the conclusions from the proposed test are invariant to changes in the consid-

ered sample. Furthermore, the test provides evidence of heterogeneity in the location of

predictability episodes across variables. The findings explain why traditional tests often fail

to uncover predictability in the full sample and why studies that split the sample at different

dates often arrive at conflicting results regarding the predictive ability of a wide class of

variables.
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Appendix A Critical Values & Implementation

This section provides additional details on the implementation of the tests. The first section

reports the critical values for the tests and describes the simulation procedure used to obtain

them. The second section describes a software package accompanying the paper available

from the author.

A.1 Asymptotic Critical Values

Critical values of the test statistics can be obtained by directly simulating the limiting distri-

butions listed in Theorem 3.1 using a dynamic programming algorithm.27 The table below

reports critical values for the predictability tests discussed in the paper. The significance

levels considered in the tables are 10%, 5%, 2.5% and 1%. The critical values were obtained

by simulating the asymptotic distributions based on 10,000 Monte Carlo replicatons and an

approximation length of N = 3600 for the Brownian Motions.28

A.2 Software Implementation

Accompanying the paper, the author makes available a software package that can be used

to conveniently use the tests for applied work and for simulating the critical values reported

in Table A.1. The code is mainly written in C++ using the Armadillo C++ linear algebra

library (Sanderson and Curtin, 2016) and offers an R interface provided in the form of an

R package using the Rcpp library (Eddelbuettel and François, 2011). The routines carrying

out the dynamic programming algorithm have been parallelized using OpenMP application

programming interface (Dagum and Menon, 1998). The software package can be obtained

from the author on request.

27Alternatively, one could obtain the critical values from an approximation strategy for functions of Brow-
nian motions discussed in Bai (1999).

28Simulations of critical values were carried out on the Amazon Web Services Elastic Compute Cloud (AWS
EC2) using a c5.xlarge instance type (4 vCPUs, 8 GB memory) running Amazon Linux 2.
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Table A.1: Asymptotic Critical Values for sup ΦT (K) and D sup ΦT (K̄) tests

ε p α D sup(5) sup(1) sup(2) sup(3) sup(4) sup(5)

0.05 1 0.100 10.115 9.644 17.542 23.162 28.471 33.017
0.05 1 0.050 11.566 11.293 19.593 25.721 30.974 35.638
0.05 1 0.025 13.180 13.048 21.542 27.837 33.124 38.112
0.05 1 0.010 15.196 15.155 24.182 30.330 36.257 41.303
0.05 2 0.100 14.008 13.810 23.920 31.926 39.282 46.025
0.05 2 0.050 15.789 15.647 26.053 34.516 42.134 49.096
0.05 2 0.025 17.468 17.361 28.146 36.901 44.720 52.020
0.05 2 0.010 19.953 19.915 30.832 39.694 47.824 55.510

0.10 1 0.100 9.386 9.131 15.605 20.002 23.664 26.368
0.10 1 0.050 10.985 10.813 17.555 22.215 26.101 28.879
0.10 1 0.025 12.555 12.462 19.423 24.315 28.143 31.150
0.10 1 0.010 14.528 14.528 21.754 26.888 31.063 34.225
0.10 2 0.100 13.301 13.185 21.621 28.170 33.857 38.278
0.10 2 0.050 15.054 15.007 24.040 30.691 36.529 41.426
0.10 2 0.025 16.703 16.690 25.863 33.087 39.379 44.537
0.10 2 0.010 19.189 19.162 28.168 36.201 42.386 47.949

0.15 1 0.100 8.833 8.670 14.007 17.367 19.426 18.791
0.15 1 0.050 10.474 10.335 16.057 19.726 21.857 21.349
0.15 1 0.025 12.113 12.075 18.036 21.777 23.950 23.486
0.15 1 0.010 14.163 14.163 20.391 24.511 27.025 26.211
0.15 2 0.100 12.800 12.734 19.997 25.229 28.851 29.077
0.15 2 0.050 14.651 14.627 22.291 27.870 31.651 31.824
0.15 2 0.025 16.262 16.230 24.231 30.194 34.195 34.773
0.15 2 0.010 18.613 18.581 26.794 32.879 37.592 37.952

This table reports simulated quantiles of the limiting distributions of the sup ΦT (K) and D sup ΦT (K̄)
tests. The critical values were obtained based on 10,000 Monte-Carlo replications and an approximation

length of N = 3600 observations for the partial sums to simulate the Brownian Motions.
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Appendix B Additional Tables & Figures

Table B.1: Finite-sample size for ε = 0.1. Nominal size 5%

φη = 0 φη = 0.25 φη = 0.5

T φx Dsup(5) LM QLR∗ Dsup(5) LM QLR∗ Dsup(5) LM QLR∗

Panel A: Heteroskedasticity-robust

125 0.00 0.032 0.052 0.034 0.032 0.051 0.035 0.036 0.051 0.035
250 0.00 0.037 0.046 0.039 0.040 0.047 0.038 0.040 0.047 0.040
500 0.00 0.042 0.049 0.042 0.042 0.049 0.040 0.042 0.048 0.044

1,000 0.00 0.045 0.050 0.045 0.045 0.050 0.045 0.046 0.052 0.048

125 0.25 0.031 0.051 0.034 0.054 0.065 0.054 0.086 0.081 0.084
250 0.25 0.038 0.045 0.041 0.066 0.061 0.065 0.105 0.078 0.104
500 0.25 0.041 0.051 0.042 0.071 0.066 0.071 0.114 0.079 0.113

1,000 0.25 0.046 0.051 0.046 0.078 0.064 0.076 0.122 0.081 0.118

125 0.50 0.036 0.051 0.037 0.085 0.080 0.084 0.176 0.118 0.172
250 0.50 0.043 0.048 0.041 0.105 0.080 0.102 0.227 0.121 0.210
500 0.50 0.043 0.048 0.043 0.110 0.080 0.111 0.244 0.119 0.230

1,000 0.50 0.046 0.053 0.047 0.120 0.085 0.117 0.260 0.125 0.240

Panel B: HAC - AR(1) approximation, QS kernel, Andrews (1991) bandwidth

125 0.00 0.024 0.047 0.025 0.022 0.048 0.025 0.024 0.046 0.025
250 0.00 0.033 0.044 0.032 0.033 0.045 0.032 0.032 0.044 0.032
500 0.00 0.040 0.049 0.041 0.040 0.049 0.040 0.039 0.048 0.041

1,000 0.00 0.044 0.049 0.043 0.044 0.050 0.045 0.042 0.051 0.046

125 0.25 0.023 0.046 0.024 0.026 0.052 0.028 0.027 0.053 0.028
250 0.25 0.034 0.044 0.034 0.037 0.050 0.039 0.038 0.052 0.039
500 0.25 0.039 0.049 0.040 0.044 0.054 0.046 0.045 0.054 0.045

1,000 0.25 0.044 0.050 0.044 0.051 0.053 0.050 0.051 0.055 0.052

125 0.50 0.024 0.047 0.028 0.028 0.053 0.031 0.025 0.053 0.027
250 0.50 0.037 0.045 0.037 0.040 0.052 0.044 0.037 0.053 0.039
500 0.50 0.039 0.048 0.039 0.045 0.054 0.047 0.043 0.052 0.045

1,000 0.50 0.045 0.052 0.044 0.051 0.056 0.053 0.050 0.054 0.052

The table reports simulated finite-sample size for tests of the null hypothesis H0 : β = 0 with 5% nominal
size. D sup(5) denotes the proposed instability-robust test with a maximum of K̄ = 5 breaks, LM denotes a
traditional LM test and QLR∗ denotes Rossi (2005)’s instability-robust test imposing one break. Rejection
rates are based on 10,000 replications from the model in equation (21) using a sample of T observations
where the serial correlation of the predictor and prediction error is controlled by φx, φη, respectively.
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Figure B.1: Finite-sample power for ε = 0.05 (HAC correction)
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The figure shows simulated rejection rates for tests of the null hypothesis H0 : β = 0 against different
designs for the alternative, βt,T , denoted P1 - P3. Panel D illustrates the different designs for βt,T . Power
curves are reported for increasing size of the shifts, βA, under the alternative. All tests are conducted at
α = 5% significance level. The solid black line denotes the proposed D sup(5) instability-robust test with
a maximum of K̄ = 5 breaks. The blue shaded line denotes Rossi (2005)’s QLR∗

T test imposing one break
and the red dotted line denotes a traditional LM test. Rejection rates are based on 5,000 replications for a
sample of T = 400 observations from the model in equation (23) where the serial correlation of the predictor
and prediction error φx = 0, φη = 0, respectively.
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Figure B.2: Finite-sample power for ε = 0.05 (HAC correction)
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The figure shows simulated rejection rates for tests of the null hypothesis H0 : β = 0 against different
designs for the alternative, βt,T , denoted P1 - P3. Panel D illustrates the different designs for βt,T . Power
curves are reported for increasing size of the shifts, βA, under the alternative. All tests are conducted at
α = 5% significance level. The solid black line denotes the proposed D sup(5) instability-robust test with
a maximum of K̄ = 5 breaks. The blue shaded line denotes Rossi (2005)’s QLR∗

T test imposing one break
and the red dotted line denotes a traditional LM test. Rejection rates are based on 5,000 replications for a
sample of T = 400 observations from the model in equation (23) where the serial correlation of the predictor
and prediction error φx = 0.5, φη = 0.5, respectively.
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Figure B.3: Data used in Equity Premium prediction
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The figure shows the equity premium series yt+1 in panel A and the raw predictor data used in the empirical
application, xt in panels B to L. Shaded gray bars denote recessions as measured by the NBER indicator.
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Table B.2: Predictability Tests for the Equity Premium

Traditional Robust

Predictor β̂OLS R2 (%) tHAC tHAC1952 D sup(5) D sup(5)1952

Dividend payout ratio 0.003 0.05 0.43 0.58 14.58** 15.47***
Earnings-price ratio 0.005 0.24 1.02 0.57 11.80** 10.71*
Long-term yield -0.086 0.32 -1.57 -1.48 7.25 7.18
T-bill rate -0.112 0.65 -2.22** -2.23** 11.29* 10.66*
Term spread 0.205 0.41 1.70* 1.87* 8.09 8.71
Dividend-price ratio 0.006 0.42 1.90* 1.42 13.83** 12.62**
Dividend-yield 0.007 0.49 2.06** 1.61 13.60** 12.58**
Default yield spread 0.271 0.07 0.49 0.54 12.71** 12.40**
Book-to-market ratio 0.005 0.08 0.74 0.43 5.66 5.72
Net equity expansion -0.038 0.03 -0.32 -0.39 18.86*** 19.12***
Inflation rate -0.940 0.97 -2.67*** -1.89* 17.37*** 10.86*

The table presents the results of conducting predictability tests of the null hypothesis β = 0 for the post-war
sample 1946-2019 in model (25) using the CRSP Equity Premium. The left panel reports the full-sample least

squares estimates, β̂OLS , the R2 of the full-sample regression (in percentage points) as well as the traditional
predictability tests using a t-ratio with HAC correction for the full-sample, tHAC , and a subsample starting
in 1952, tHAC1952 . The right panel reports the results from the instability-robust D supLM model-specification
tests with a maximum of K̄ = 5 shifts and trimming parameter set at ε = 0.05 for the same subsamples.
For all test statistics, the stars denote a rejection the null hypothesis of no predictability at significance
levels 1% (***), 5% (**), and 10% (*), respectively.
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Table B.3: Predictability Tests for the Equity Premium (First differences)

Traditional Robust

Predictor β̂OLS R2 (%) tHAC tHAC1952 D sup(5) D sup(5)1952

Dividend payout ratio -0.061 0.45 -2.14** -2.29** 20.21*** 20.00***
Earnings-price ratio 0.018 0.07 0.88 0.96 4.87 4.72
Long-term yield -1.590 1.04 -3.02*** -2.92*** 11.89** 12.86**
T-bill rate -1.102 1.06 -3.30*** -3.26*** 19.37*** 17.81***
Term spread 0.350 0.11 0.96 1.00 11.37* 10.42*
Dividend-price ratio -0.037 0.14 -0.91 -1.04 9.11 9.65
Dividend-yield 0.027 0.07 0.81 0.72 3.65 3.82
Default yield spread 0.261 0.00 0.15 0.19 13.50** 13.32**
Book-to-market ratio -0.069 0.20 -1.33 -1.64 7.69 7.90
Net equity expansion -0.674 0.35 -1.52 -1.68* 11.25* 10.82*
Inflation rate -0.265 0.08 -1.22 -1.98** 3.14 4.87

The table presents the results of conducting predictability tests of the null hypothesis β = 0 for the post-war
sample 1946-2019 in model (25) using the S&P 500 Equity Premium where all variables are transformed

to first-differences. The left panel reports the full-sample least squares estimates, β̂OLS , the R2 of the full-
sample regression (in percentage points) as well as the traditional predictability tests using a t-ratio with
HAC correction for the full-sample, tHAC , and a subsample starting in 1952, tHAC1952 . The right panel reports
the results from the instability-robust D supLM model-specification tests with a maximum of K̄ = 5 shifts
and trimming parameter set at ε = 0.05 for the same subsamples. For all test statistics, the stars denote
a rejection the null hypothesis of no predictability at significance levels 1% (***), 5% (**), and 10% (*),
respectively.
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Appendix C Mathematical Derivations

Notation. Before presenting the derivations, recall some notational conventions that are

used throughout the rest of the appendix. Let (Ω,F ,P) denote a probability space on which

all of the random elements are defined. Unless specified otherwise, all limits are taken as

the sample size T →∞. The symbol
p→ denotes convergence in probability and

d→ denotes

convergence in distribution. Next,⇒ denotes weak convergence for sequences of measurable

random elements of a space of bounded Euclidean-valued cadlag functions on the product

space D[0, 1]T as defined in Phillips and Durlauf (1986) where each component space D[0, 1]

is equipped with the Skorohod metric. ‖·‖ denotes the Euclidean norm of a vector of matrix

and [·] is the integer part operator. For notational simplicity, I say that xt(r, s) = op,rs(1) if

it holds that supr,s∈[0,1],s>rρ ‖xt(r, s)‖ = op(1).

C.1 In-Sample Inference

Theorem 3.1 (Limiting distribution for in-sample tests): Assume that the regularity con-

ditions in Assumption 3.1 hold. Under the null hypothesis defined in (3), it holds that

sup ΦT (K) ⇒ sup
λK ∈ Λε

K+1∑
j=1

{
‖Bp(λj)− Bp(λj−1)‖2

λj − λj−1

}

D sup ΦT (K̄)⇒ max
1≤k≤K̄

(1/k) sup
λK ∈ Λε

K+1∑
j=1

{
‖Bp(λj)− Bp(λj−1)‖2

λj − λj−1

}
Λε ≡

{
λj : λj ∈ (ε, 1− ε), λj > λj−1 + ε, j = 1, . . . , K

}
where λ0 ≡ 0, λK+1 ≡ 1 and Bp(·) is a (p × 1) vector of independent standard Brownian

motions on [0, 1].

Proof. Note that under the null hypothesis in (3), it holds that θt = θ0 = (0p×1, δ) ∀ t.
Therefore, under the null hypothesis the function defining the moment condition f(zt, θt) =

f(zt, βt, δ) can be written as a function of a constant parameter f(zt, θ). This notation will

be used in the subsequent derivations.

To prove the weak convergence results stated in the theorem, I start by showing that the

partial sample moments satisfy the following invariance principle under the null hypothesis.

T−1/2 W
1/2
T

[sT ]∑
t=1

f(zt, θ0) ⇒ Bm(s) s ∈ (0, 1]

Recall the following result from Corollary 2.2. of Phillips and Durlauf (1986) which gener-
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alizes the stationary version of the univariate invariance principle by McLeish (1975).

Corollary 2.2, Phillips and Durlauf (1986): Let {ut}∞t=1 be a weakly stationary sequence

of random n × 1 vectors satisfying E[ut] = 0 ∀ t. If (a) E|ui1|β < ∞ (i = 1, ..., n) for

some 2 ≤ β < ∞ and (b) either
∑∞

n=1 ϕ
1−1/β
n < ∞ or, β > 2 and

∑∞
n=1 α

1−2/β
n < ∞,

then

Σ = lim
T→∞

E
[
T−1STS

′
T

]
= E[u1u

′
1] +

∞∑
k=2

{E[u1u
′
k] + E[uku

′
1]}

where St =
∑[Tt]

j=1 uj. If Σ is positive definite, then XT (t) = 1√
T

Σ−1/2S[Tt] ⇒ W (t) as

T →∞.

Choose ut := f(zt, θ0) and verify the conditions of the Corollary. The first requirement

and condition (a) follow from Assumption 3.1.(ii) and Assumption 3.1.(iv). Condition (b)

follows from 3.1.(i). The last requirements follows from Assumption 3.1.(iii). Applying the

Corollary, using Assumption 3.1.(vii) and Slutskys Theorem, it follows that

T−1/2 W
1/2
T

[sT ]∑
t=1

f(zt, θ0) ⇒ Bm(s) (C.1)

Lagrange-Multiplier Form, ΦLM
T

The Lagrange-Multiplier form builds on the restricted GMM estimator defined in (7). I

start by proving that this estimator is consistent under the null hypothesis in (3) i.e. that

θ̃
p→ θ0. Recall from equation (7) the definition of θ̃.

θ̃ := arg max
θ∈Θ

Q̂T (θ) subject to Aθ̃ = 0

Q̂T (θ) := F̂T (θ)′ WT F̂T (θ)

F̂T (θ) ≡ 1

T

T∑
t=1

f(zt, θ)

where T0 = 1 and A ≡
[
Ip×p 0p×q

]
.

To prove consistency of θ̃, I first show consistency of the unrestricted estimator θ̂ which

is defined as the estimator above, but ignores the constraint Aθ̃ = 0. Define the limiting

objective function Q0(θ) ≡ E[FT (θ)]′ Σ−1
ff E[FT (θ)] and apply Theorem 2.1 of Newey and

McFadden (1994) to show θ̂
p→ θ0. The theorem requires that (i) Q0(θ) is uniquely maxi-

mized at θ0; (ii) Θ is compact; (iii) Q0(θ) is continuous and (iv) Q̂T (θ) converges uniformly

in probability to Q0(θ). Requirement (i) is satisfied by the identification assumption in
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3.1.(vi) and positive definiteness of Σff in 3.1.(iii). Requirement (ii) is satisfied by 3.1.(v).

Requirement (iii) is satisfied by 3.1.(iv). The uniform convergence requirement in (iv) fol-

lows from verifying Assumptions A1, B1, and A5 in Andrews (1987) and applying the main

theorem. Assumption A1 of Andrews (1987) follows from Assumption 3.1.(v), Assumption

B1 follows from Assumption 3.1.(i) and Assumption A5 follows from 3.1.(v) and 3.1.(iv).

Having shown that all requirements are satisfied, we apply Theorem 2.1 of Newey and Mc-

Fadden (1994) and get θ̂
p→ θ0. Consistency of the restricted estimator θ̃ → θ0 then follows

from the argument of Theorem 9.1 of Newey and McFadden (1994).

Next, I derive a preliminary asymptotic result characterizing the limiting distribution of the

normalized partial sample moment for any block of the sample with t = [rT ] + 1, . . . , [sT ],

r, s ∈ [0, 1] and s > r. Start again from the constrained GMM estimator θ̃ defined in

equation (7). Define the following Lagrangian for θ̃:

θ̃ = arg max
θ∈Θ
LT (θ, µ) LT (θ, µ) =

1

2
FT (θ)′WTFT (θ) + a(θ)′ µT

a(θ) := A θ = β A =
[
Ip 0p×q

]
where µT is a (p×1) vector of Lagrangian multipliers which will be non-zero if the constraints

are binding. The first-order conditions of this optimization problem are[
0

0

]
=

[√
T ∇θFT (θ̃)′WTFT (θ̃)−∇θa(θ̃)′

√
T µ̃T

a(θ̃)

]
(C.2)

An element-by-element mean value expansion of f(zt, θ) around θ0, evaluated at θ̃ yields

f(zt, θ̃) = f(zt, θ0) +
∂f(zt, θ̄)

∂θ
(θ̃ − θ0)

where θ̄ = [θ̄(1), . . . , θ̄(v)]′ and θ̄(i) = α(i)θ̃(i) + (1 − α(i))θ
(i)
0 for some α(i) ∈ [0, 1] and each

t = 1, . . . , T and i = 1, . . . , k. Summing these terms from 1 to T , dividing by T and

pre-multiplying by
√
T gives

√
T FT (θ̃) =

√
TFT (θ0) +∇θFT (θ̄)

√
T (θ̃ − θ0) (C.3)

A similar mean-value expansion of a(θ) about θ0, evaluated at θ̃ gives

√
T a(θ̃) =

√
Ta(θ0) + A

√
T (θ̃ − θ0) (C.4)
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Substituting the expansions into the first order conditions and rearranging yields[
−
√
T ∇θFT (θ̄)′WTFT (θ0)

−
√
Ta(θ0)

]
=

[
∇θFT (θ̃)′WT∇θFT (θ̄) A′

A 0

][√
T (θ̃ − θ0)√
T µ̃T

]
(C.5)

Using the consistency result proved above that θ̃
p→ θ0 and uniform convergence of ∇θFT (θ)

following from the assumptions of the theorem, we get[
−M ′Σ−1/2 Σ

−1/2
ff

√
TFT (θ0)

−
√
Ta(θ0)

]
=

[
D A′

A 0

][√
T (θ̃ − θ0)√
T µ̃T

]
+ op (C.6)

where D ≡M ′Σ−1M = M̄ ′M̄ .

From the formula for inverses of block matrices, we have[
D A′

A 0

]−1

=

[
D−1/2(I − P )D−1/2 D−1A′(AD−1A′)−1

(AD−1A′)−1AD−1 −(AD−1A′)−1

]
(C.7)

where P ≡ D−1/2A′(AD−1A′)−1AD−1/2 is an m×m idempotent matrix of rank q. Solving

for
√
T (θ̃ − θ0) using the formula for the block-inverse and re-arranging, we get

√
T (θ̃ − θ0) =−D−1/2(I − P )D−1/2M̄ ′ Σ

−1/2
ff

√
TFT (θ0)

−D−1A′(AD−1A′)−1
√
Ta(θ0) + op

(C.8)

Next, we calculate an alternative form for f(zt, θ̃). An element-by-element mean-value

expansion of f(zt, θ̃) around θ0 gives

√
Tf(zt, θ̃) =

√
Tf(zt, θ0) +∇θf(zt, θ̄)

√
T (θ̃ − θ0)

where again θ̄ = [θ̄(1), . . . , θ̄(v)]′ and θ̄(i) = α(i)θ̃(i) + (1 − α(i))θ
(i)
0 for some α(i) ∈ [0, 1] and

each t = 1, . . . , T and i = 1, . . . , k.

Take any r, s ∈ [0, 1] with s > r. Summing the expansion above between [rT ] + 1 and [sT ],
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multiplying by 1√
T
W

1/2
T and using the expression for

√
T (θ̃ − θ0) (C.8), we get

1√
T
W

1/2
T

[sT ]∑
t=[rT ]+1

f(zt, θ̃) =
1√
T
W

1/2
T

[sT ]∑
t=[rT ]+1

f(zt, θ0)

−W 1/2
T (1/T )

[sT ]∑
t=[rT ]+1

∇θft(θ̄)D
−1/2(I − P )D−1/2M̄ ′

×
√
T Σ

−1/2
ff FT (θ0)

−W 1/2
T (1/T )

[sT ]∑
t=[rT ]+1

∇θft(θ̄)D
−1A′(AD−1A′)−1

√
Ta(θ0) + op

(C.9)

where under the null hypothesis a(θ0) = 0p×1 so that the third term disappears.

To derive the limiting distribution, we inspect the convergence of each component of the

sum above. First, note that since θ̃
p→ θ0, it follows that θ̄

p→ θ0 and under the assumptions

of the theorem we have that

(1/T )

[sT ]∑
t=[rT ]+1

∇θft(θ̄)
p→ (s− r) ·M (C.10)

Further, one can show that

M̄D−1/2(I − P )D1/2M̄ ′ = P̄δ (C.11)

where M̄ and P̄δ are as defined in the main text of Section 3.

Inspect the first term of the expression in (C.9). Rewriting the partial sum as a difference

of two partial sums, applying the result proved in C.1 above as well as the continous mapping

theorem, we get

1√
T
W

1/2
T

[sT ]∑
t=[rT ]+1

f(zt, θ0) =
1√
T
W

1/2
T

[sT ]∑
t=1

f(zt, θ0)− 1√
T
W

1/2
T

[rT ]∑
t=1

f(zt, θ0)

⇒ Bm(s)− Bm(r)

(C.12)

Next, inspect the second term of the sum in (C.9). By the same result in (C.1), we have

that
√
T Σ

−1/2
ff FT (θ0) ⇒ Bm(1). Then, using the results in equations (C.10) and (C.11) as
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well as the continous mapping theorem, we have that

W
1/2
T (1/T )

[sT ]∑
t=[rT ]+1

∇θft(θ̄)D
−1/2(I − P )D−1/2M̄ ′

√
T Σ

−1/2
ff FT (θ0)

⇒ (s− r) P̄δ Bm(1)

(C.13)

Using the two convergence results in (C.12) and (C.13), the continous mapping theorem

and regrouping terms, we get

T−1/2 W
1/2
T

[sT ]∑
t=[rT ]+1

f(zt, θ̃) ⇒ Z(r, s) (C.14)

Z(r, s) ≡ P̄δ
[
BBm(s)− BBm(r)

]
+ (Im − P̄δ)

[
Bm(s)− Bm(r)

]
(C.15)

for any r, s ∈ [0, 1] with s > r where BBm(s) := Bm(l)− lBm(1) denotes a m× 1 vector of

independent Brownian bridges for l ∈ [0, 1].

Finally, I derive the limiting distribution of the sup ΦLM
T (K) test statistic. To characater-

ize the limiting distribution, I follow the strategy employed in Sowell (1996) by deriving

a continous functional29 mapping from D[0, 1]m to R which defines the test statistic when

applied to the normalized partial sum of the sample moments between t = [rT ]+1, . . . , [sT ]

for some r, s ∈ [0, 1], s > r in (C.14). The same continous functional is then applied to the

limiting stochastic process Z(r, s) defined in (C.14) to characterize the limiting distribution

of the test statistic under the null hypothesis which follows from the continous mapping

theorem.

Consider the following functional defining the sup ΦLM
T (K) test statistic for given K and

given λK ∈ Λε where λK ≡ (λ1, . . . , λK), λ0 ≡ 0 and λK+1 ≡ 1 where the consistent variance

estimators Σ̂ff and Ω̂T,j have been replaced by their limits.

sup ΦLM
T (K) := sup

λK∈Λε

K+1∑
j=1

FT,j(λj−1, λj)
′ ΩT,j(λj−1, λj) FT,j(λj−1, λj)

F j,T (λj−1, λj) := M̄ ′
β(Im − P̄δ) ×

1√
T

Σ
−1/2
ff

[λjT ]∑
t=[λj−1T ]+1

f(zt, θ̃)

Ωj,T (λj−1, λj) := (λj − λj−1)−1
[
M̄ ′

β (Im − P̄δ) M̄β

]−1

Apply this functional to the limiting stochastic process Z(r, s) defined in (C.14) to charac-

terize the limiting distribution of the test statistic. The limiting stochastic process is defined

29Continuous with respect to the uniform metric.
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by the mapping

sup ΦLM(K) := sup
λK∈Λε

K+1∑
j=1

Aj(λ)′ Vj(λ)−1 Aj(λ)

Aj(λ) := M̄ ′
β(Im − P̄δ) Z(λj−1, λj)

Vj(λ) := (λj − λj−1) M̄ ′
β (Im − P̄δ) M̄β

Consider first Aj(λ). Using the properties of the projection matrix, P̄δ, we have

Aj(λ) = M̄ ′
β(Im − P̄δ) Z(λj−1, λj)

= M̄ ′
β(Im − P̄δ)

{
P̄δ
[
BBm(λj)− BBm(λj−1)

]
+ (Im − P̄δ)

[
Bm(λj)− Bm(λj−1)

]}
= M̄ ′

β(Im − P̄δ)
[
Bm(λj)− Bm(λj−1)

]
Define C := M̄ ′

β(Im − P̄δ) ∈ Rp×m. Using the result above, we have that

Aj(λ)′ Vj(λ)−1 Aj(λ) =
[
C Z(λj−1, λj)

]′ × (λj − λj−1)−1 (CC ′)−1 ×
[
C Z(λj−1, λj)

]′
=

{
(λj − λj−1)−1/2 (CC ′)−1/2C

[
Bm(λj)− Bm(λj−1)

]}′
×{

(λj − λj−1)−1/2 (CC ′)−1/2C
[
Bm(λj)− Bm(λj−1)

]}

where the last step follows since (CC ′)−1 is a square, symmetric and positive-semidefinite

matrix and therefore has a matrix square root (CC ′)−1 = (CC ′)−1/2 (CC ′)−1/2 (Newey and

McFadden, 1994, Lemma 9.6).

Next, it is easy to verify that (CC ′)−1/2C is an orthonormal p×m matrix so that it holds that{
(CC ′)−1/2C

} {
(CC ′)−1/2C

}′
= Ip. Since (CC ′)−1/2C is orthonormal, (CC ′)−1/2C Bm(s)

has the same distribution as Bp(s) and we have

Aj(λ)′ Vj(λ)−1 Aj(λ) = [Bp(λj)−Bp(λj−1)]′ (λj − λj−1)−1 [Bp(λj)−Bp(λj−1)]

=
‖Bp(λj)−Bp(λj−1)‖2

λj − λj−1

and therefore

sup ΦLM(K) = sup
λK∈Λε

K+1∑
j=1

{
‖Bp(λj)− Bp(λj−1)‖2

λj − λj−1

}
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so that in conclusion we have shown that

sup ΦLM
T (K) ⇒ sup

λK∈Λε

K+1∑
j=1

{
‖Bp(λj)− Bp(λj−1)‖2

λj − λj−1

}

The limiting distribution of the D sup ΦLM
T statistic follows then from the continuity of the

max operator in (11) and the continous mapping theorem. This concludes the proof of

Theorem 3.1 for the Lagrange-Multiplier form.

Wald Form

The proof for the Wald form follows the same strategy as above, first showing consistency

of β̂j
p→ θ0 under the null hypothesis, then deriving the limiting stochastic process of√

T (β̂j−β0) based on the estimator defined in (9) and finally applying a continous mapping

to form the test statistic and to characterize its limiting distribution. The full proof is

available on request.

C.2 Out-Of-Sample Inference

Lemma 4.1 (OOS Mean-Value Approximation): Under the regularity conditions in Assump-

tion 4.1 and the null hypothesis defined in (3), for any r, s ∈ [0, 1] with s > r > ρ it holds

that

P−1/2

[sT ]∑
t=[rT ]+1

f(zt+h, β0, δ̂t) = (T/P )1/2

{
1√
T

[sT ]∑
t=R

f(zt+h, β0, δ0)− 1√
T

[rT ]∑
t=R

f(zt+h, β0, δ0)

}

+ (T/P )1/2 FB

{
1√
T

[sT ]∑
t=R

Ht(δ0)− 1√
T

[rT ]∑
t=R

Ht(δ0)

}
+ op,rs(1)

where Ht, B are as defined in Assumption 4.1.(ii) and xt(r, s) = op,rs(1) denotes that

supr,s∈[0,1], s>r>ρ ‖xt(r, s)‖ = op(1).

Proof. A second-order element-by-element mean value expansion of f(zt+h, β, δ) around δ0

and evaluated at δ̂t for t = R, . . . , T yields.

f(zt+h, β0, δ̂t) = f(zt+h, β0, δ0) +∇δf(zt+h, β0, δ0)(δ̂t − δ0) + wt+h (C.16)

where the i-th element of wt+h is

wt+h,i ≡
1

2
(δ̂t − δ0)′

∂2fi(zt+h, β0, δ̃t,i)

∂δ ∂δ′
(δ̂t − δ0) (C.17)
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and δ̃t,i lies between δ̂t and δ0.

Summing between t = [rT ] + 1, . . . , [sT ] and pre-multiplying by P−1/2 gives

P−1/2

[sT ]∑
t=[rT ]+1

f(zt+h, β0, δ̂t) = P−1/2

[sT ]∑
t=[rT ]+1

f(zt+h, β0, δ0)

+ P−1/2

[sT ]∑
t=[rT ]+1

∇δf(zt+h, β0, δ0)(δ̂t − δ0)

+ P−1/2

[sT ]∑
t=[rT ]+1

wt+h

(C.18)

The second term in (C.18) can be written

P−1/2

[sT ]∑
t=[rT ]+1

∇δf(zt+h, β0, δ0)(δ̂t − δ0) = P−1/2

[sT ]∑
t=[rT ]+1

∇δf(zt+h, β0, δ0)BtHt(δ0)

= P−1/2FB

[sT ]∑
t=[rT ]+1

Ht(δ0)

+ P−1/2

[sT ]∑
t=[rT ]+1

(
∇δf(zt+h, β0, δ0)− F

)
BHt(δ0)

+ P−1/2

[sT ]∑
t=[rT ]+1

F
(
Bt −B

)
Ht(δ0)

+ P−1/2

[sT ]∑
t=[rT ]+1

(
∇δf(zt+h, β0, δ0)− F

)(
Bt −B

)
Ht(δ0)

(C.19)

where the first step follows from Assumption 4.1.(ii) and the second step by adding and

subtracting the relevant terms involving F and B. The second term after the last equality

is op,rs(1) by Assumption 4.1.(xi), the third by part 4.1.(xii) and the fourth by 4.1.(xiii).

Further, it can be shown that the remainder term P−1/2
∑[sT ]

t=[rT ]+1 wt+h(r, s) = op,rs(1) from

an argument similar to the one in the proof of equation (4.1) in West (1996).

Substituting into (C.18) gives

P−1/2

[sT ]∑
t=[rT ]+1

f(zt+h, β0, δ̂t) = P−1/2

[sT ]∑
t=[rT ]+1

f(zt+h, β0, δ0) + P−1/2FB

[sT ]∑
t=[rT ]+1

Ht(δ0) + op,rs(1)

(C.20)
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Finally, multiplying and dividing by
√
T , splitting the sums and re-arraging terms gives

P−1/2

[sT ]∑
t=[rT ]+1

f(zt+h, β0, δ̂t) = (T/P )1/2

{
1√
T

[sT ]∑
t=R

f(zt+h, β0, δ0)− 1√
T

[rT ]∑
t=R

f(zt+h, β0, δ0)

}

+ (T/P )1/2 FB

{
1√
T

[sT ]∑
t=R

Ht(δ0)− 1√
T

[rT ]∑
t=R

Ht(δ0)

}
+ op,rs(1)

which proves the Lemma.

Theorem 4.1 (OOS Inference): Assume that the regularity conditions in Assumption 4.1

hold. Under the null hypothesis defined in (3), it holds that

sup ΦT (K) ⇒ sup
λK ∈ Λε,ρ

K+1∑
j=1

Φj(λj−1, λj)

D sup ΦT (K̄) ⇒ max
1≤k≤K̄

(1/k) sup
λK ∈ Λε,ρ

K+1∑
j=1

Φj(λj−1, λj)

Λε,ρ =
{
λj, j = 1, . . . , K : λj ∈ (ρ+ ε, 1− ε), λj > λj−1 + ε

}
, λ0 ≡ ρ, λK+1 ≡ 1

where

Φj(λj−1, λj) ≡
[
Bm
(∫ λj

0

ω(u, λj−1, λj)ω(u, λj−1, λj)
′ du

)]′
×{∫ λj

0

ω(u, λj−1, λj) ω(u, λj−1, λj)
′ du

}−1

×
[
Bm
(∫ λj

0

ω(u, λj−1, λj)ω(u, λj−1, λj)
′ du

)]
with

ω(u, r, s) ≡M ′ Σ−1
ff (1− ρ)−1/2

[
Im FB

]
×
{[

Ω(u, s)1/2 − Ω(u, r)1/2
]
1(u ≤ r)

+ Ω(u, s)1/2 1(r < u ≤ s)

}
Σ1/2

and where Ω(s, τ) is as defined as

Ω(s, τ)1/2 ≡

(
1(s ≤ ρ) · Im 0m×d

0d×m
{

[ln τ − ln ρ]1(s ≤ ρ) + [ln(τ)− ln(s)]1(ρ < s ≤ τ)
}
· Id

)

Proof. Note as in the in-sample case above that under the null hypothesis in (3), it holds

that θt = θ0 = (0p×1, δ) ∀ t. Therefore, under the null hypothesis the function defining the
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moment condition f(zt, θt) = f(zt, βt, δ) can be written as a function of a constant parame-

ter f(zt, θ). This notation will be used in the subsequent derivations.

To prove the weak convergence results stated in the theorem, I start by showing that the

partial sample moments satisfy the following invariance principle under the null hypothesis.

1√
T

[sT ]∑
t=R

(
f(zt+h, β0, δ0)

Ht(δ0)

)
⇒
∫ s

0

Ω(u, s)1/2 dξ(u) (C.21)

where Ω(u, τ)1/2 is as defined in the theorem and ξ(u) ≡ Σ1/2 Bm+d(u) where Bm+d(u) is an

(m+ d)× 1 vector of independent standard Brownian motions.

This result can be proven by following the same reasoning as in the proof of Proposition

1 of Rossi and Sekhposyan (2016). Start by defining bR,t,j ≡ 1(t ≥ R). Then, by direct

calculations, for any j ≥ R, it holds that

j∑
t=R

f(zt+h, β0, δ0) =

j∑
t=1

bR,t,j f(zt+h, β0, δ0) (C.22)

Under the recursive estimation scheme in Assumption 4.1.(ii) and defining

aR,t,j ≡
(
R−1 + . . .+ j−1

)
· 1(t ≤ R) +

(
t−1 + . . .+ j−1

)
· 1(R < t ≤ j) (C.23)

for any j ≥ R it holds by direct calculation that

j∑
t=R

Ht(δ0) =

j∑
t=R

t−1

(
t∑

r=1

h(zr, δ0)

)
=

j∑
t=1

aR,t,j h(zt, δ0) (C.24)

Using (C.22) and (C.24) it holds that

1√
T

[sT ]∑
t=R

(
f(zt+h, β0, δ0)

Ht(δ0)

)
=

1√
T

[sT ]∑
t=1

(
bR,t,[sT ] · Im 0m×d

0d×m aR,t,[sT ] · Id

)(
f(zt+h, β0, δ0)

ht(δ0)

)
(C.25)

To derive the limiting distribution, as in Rossi and Sekhposyan (2016), I consider an asymp-

totic approximation for the weights aR,t,j and bR,t,j. From Assumption 4.1.(i), we have

ρ := limT→∞R/T and thus

bR,t,j ≡ 1(t ≥ R) u 1(s ≥ ρ) s ≡ lim
T→∞

t/T (C.26)
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Following West (1996) and Rossi and Sekhposyan (2016) it can further be shown that

aR,t,j u
(∫ j

R

1

k
dk

)
1(t ≤ R) +

(∫ j

t

1

k
dk

)
1(R < t ≤ j)

u [ln(τ)− ln(ρ)]1(s ≤ ρ) + [ln(τ)− ln(s)]1(ρ < s ≤ τ)

(C.27)

To prove the weak convergence in (C.21), I employ the result for weak convergence of

stochastic integrals based on mixing sequences of Hansen (1992). In particular, define {ξj,T}
to be the following normalized stochastic sum process

ξj ≡
1√
T

j∑
t=1

ξ(zt+h, β0, δ0) ≡ 1√
T

j∑
t=1

(
f(zt+h, β0, δ0)

ht(δ0)

)
(C.28)

where ξ(zt+h, θ) is defined in the main text of Section 4. Further, define the stochastic

integral of interest as

∫ τ

0

(
σf (s) · Im 0m×d

0d×m σh(s, τ) · Id

)
d ξT =

1√
T

j∑
t=1

(
bR,t,j · Im 0

0 aR,t,j · Id

)(
f(zt+h, β0, δ0)

ht(δ0)

)
(C.29)

To apply Theorem 3.1 of Hansen (1992) we need to verify its conditions. The first re-

quirement is Assumption 1 of Hansen (1992) which is satisfied by the mixing condition in

Assumption 4.1.(iii) and Assumption 4.1.(v). To satisfy the second requirement, we need

to show that T 1/2 ξT ⇒ Σ−1/2ξ where ξ(s) ≡ Σ1/2 Bm+d(s). This follows from applying

Corollary 2.2 of Phillips and Durlauf (1986) under Assumptions 4.1.(iii), 4.1.(iv), 4.1.(v)

and 4.1.(vi). Applying Theorem 3.1 of Hansen (1992), we get

1√
T

j∑
t=1

(
bR,t,j · Im 0

0 aR,t,j · Id

)(
f(zt+h, β0, δ0)

ht(δ0)

)
− C∗T (τ) ⇒

∫ τ

0

Ω(s, τ)1/2 dξ(s) (C.30)

where

C∗T (τ) =

{
T−1/2

[τT ]∑
t=1

[(
bR,t,j · Im 0

0 aR,t,j · Id

)
−

(
bR,t−1,j · Im 0

0 aR,t−1,j · Id

)]
ζt

− T−1/2

(
bR,t−1,j · Im 0

0 aR,t−1,j · Id

)
ζj+1

}

with j := [τT ] and ζt =
∑∞

k=1 Et
([
f(zt+h+k, θ0)′, h(zt, δ0)′

]′)
. Using the same reasoning as

in Rossi and Sekhposyan (2016), based on the steps in the proof of Cavaliere (2005), Theorem
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4 and the fact that the variances σf (s), σh(s, τ) are square integrable and bounded, we get

1√
T

[sT ]∑
t=R

(
f(zt+h, β0, δ0)

Ht(δ0)

)
⇒

∫ τ

0

Ω(s, τ)1/2 dξ(s) (C.31)

Lagrange-Multiplier Form, ΦLM
T

To derive the limiting distribution of the sup ΦT (K) test statistic, we follow the same strat-

egy as in the proof of Theorem 3.1. The test statistic is formed by applying a continuous

functional to the stochastic process derived above. We then derive the associated limiting

stochastic process under the null hypothesis and apply the same functional to characterize

the limting distribution of the test statistic. Given K define the continous mapping

sup ΦLM
T (K) := sup

λK∈Λε,ρ

K+1∑
j=1

Aj,T (λ)′
{
Vj,T (λ)

}−1
Aj,T (λ) (C.32)

where

Aj,T (λ) := M ′Σ−1
ff P

−1/2

[λjT ]∑
t=[λj−1T ]+1

f(zt+h, β0, δ̂t) (C.33)

To characterize the limiting stochastic process of Aj,T (λ), note that under the regularity

conditions in Assumptions 4.1, we can apply Lemma 4.1 to get

P−1/2

[λjT ]∑
t=[λj−1T ]+1

f(zt+h, β0, δ̂t) = (T/P )1/2

{
1√
T

[λjT ]∑
t=R

f(zt+h, β0, δ0)− 1√
T

[λj−1T ]∑
t=R

f(zt+h, β0, δ0)

}

+ (T/P )1/2 FB

{
1√
T

[λjT ]∑
t=R

Ht(δ0)− 1√
T

[λj−1T ]∑
t=R

Ht(δ0)

}
+ op,rs(1)

Plugging into (C.33) and grouping terms and omitting the op term, we get

Aj,T (λ) = M ′Σ−1
ff (T/P )1/2

[
Im FB

]{ 1√
T

[λjT ]∑
t=R

(
f(zt+h, β0, δ0)

ht(δ0)

)
− 1√

T

[λj−1T ]∑
t=R

(
f(zt+h, β0, δ0)

ht(δ0)

)}
(C.34)

Using the weak convergence result we derived in (C.31) above, we get

1√
T

[λjT ]∑
t=R

(
f(zt+h, β0, δ0)

Ht(δ0)

)
⇒
∫ λj

0

Ω(s, λj)
1/2S1/2 dBm+d(s) (C.35)
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and applying the continous mapping theorem,

Aj,T ⇒ M ′Σ−1
ff (1− ρ)−1/2

[
Im FB

]{∫ λj

0

Ω(s, λj)
1/2S1/2 dBm+d(s)

−
∫ λj−1

0

Ω(s, λj−1)1/2S1/2 dBm+d(s)

}

= M ′Σ−1
ff (1− ρ)−1/2

[
Im FB

]{∫ λj−1

0

[
Ω(s, λj)

1/2 − Ω(s, λj−1)1/2
]
S1/2 dBm+d(s)

+

∫ λj

λj−1

Ω(s, λj)
1/2S1/2 dBm+d(s)

}
= M ′Σ−1

ff (1− ρ)−1/2
[
Im FB

]
×∫ λj

0

{[
Ω(s, λj)

1/2 − Ω(s, λj−1)1/2
]
1(s ≤ λj−1) + Ω(s, λj)

1/2 1(λj−1 < s ≤ λj)

}
S1/2 dBm+d(s)

=

∫ λj

0

ω(s, λj, λj−1) dBm+d(s)

= Bm
(∫ λj

0

ω(s, λj, λj−1)ω(s, λj, λj−1)′ ds

)
(C.36)

where

ω(s, λj−1, λj) ≡M ′Σ−1
ff (1− ρ)−1/2

[
Im FB

]{ [
Ω(s, λj)

1/2 − Ω(s, λj−1)1/2
]
1(s ≤ λj−1)

+ Ω(s, λj)
1/2 1(λj−1 < s ≤ λj)

}
S1/2

(C.37)

The result of the theorem then follows from applying the continous mapping theorem

to get the distribution of ΦT (λ) and the distributions of sup ΦT (K) and D sup ΦT (K̄) as

defined in the theorem and analog to the proof of Theorem 3.1.

Wald Form

The proof of the Wald form is available on request.

Corollary 4.1 (OOS Inference in Special Cases): If (a) F = 0, that is parameter estima-

tion error is irrelevant, or (b) the following condition holds

Σff = −1

2
(FBΣhf + ΣfhB

′F ′) = FBΣhhB
′F ′
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then, the result of Theorem 4.1 simplifies to

sup ΦT (K) ⇒ sup
λ ∈ Λε,ρ

K+1∑
j=1

{
‖Bp(λj − ρ)− Bp(λj−1 − ρ)‖2

λj − λj−1

}

D sup ΦT (K̄) ⇒ max
1≤k≤K̄

(1/k) sup
λ ∈ Λε,ρ

K+1∑
j=1

{
‖Bp(λj − ρ)− Bp(λj−1 − ρ)‖2

λj − λj−1

}

Proof. The proof follows from directly calculating
∫ λj

0
ω(s, λj, λj−1)ω(s, λj, λj−1)′ ds, im-

posing the condition given in the corollary. The proof follows similar steps to the proofs of

Proposition 3,4, & 7 of Rossi and Sekhposyan (2016).
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